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ε = 0.4, µ = 1

slope ≈ −1

slope ≈ −2

slope ≈ −3

 h−ver, unif mesh, p = 1
 h−ver, unif mesh, p = 2
 h−ver, unif mesh, p = 3
 p−ver, 1 elem
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ε = 0.01, µ = 0.1

slope ≈ −0.9

slope ≈ −1.9

slope ≈ −2.8

 h−ver, unif mesh, p = 1
 h−ver, unif mesh, p = 2
 h−ver, unif mesh, p = 3
 p−ver, 1 elem

ô�ÉÏÒ�Æ?È#Ä0â+%=õ=ÅnÄ¢È#Ò�Ó�Å?ÎJÈÇ Ê¢Î�Å�Ø�ÄfÈÒJÄ¢ÅnÊ¢Ä<ÑãÎJÈ ` � � � �nÞ�Ë®ÅnÖ d � ���ÏÞ��
�



10
0

10
1

10
2

10
3

10
4

10
−1

10
0

10
1

10
2

DOF

P
er

ce
nt

ag
e 

R
el

at
iv

e 
E

rr
or

 in
 th

e 
E

ne
rg

y 
N

or
m

ε = 10−7/2 ≈ 3 × 10−4, µ = 0.01

slope ≈ −1.5
slope ≈ −0.7

 h−ver, unif mesh, p = 1
 h−ver, unif mesh, p = 2
 h−ver, unif mesh, p = 3
 p−ver, 1 elem
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ε = 10−7/2 ≈ 3 × 10−4, µ = 0.01

slope ≈ −0.7

slope ≈ −0.87

slope ≈ −1

 h−ver, unif mesh, p = 1

 p−ver, 1 elem

 hp−ver, 5 elem

 h−ver, exp mesh, p = 1

 h−ver, Shishkin mesh, p = 1
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ε = 10−7/2 ≈ 3 × 10−4, µ = 0.01

slope ≈ −1

slope ≈ −2

slope ≈ −3

slope ≈ −2.22

slope ≈ −1.65

slope ≈ −0.87

 h−ver, exp mesh, p = 1

 h−ver, exp mesh, p = 2

 h−ver, exp mesh, p = 3

 h−ver, Shishkin mesh, p = 1

 h−ver, Shishkin mesh, p = 2

 h−ver, Shishkin mesh, p = 3

 hp−ver, 5 elem

ô�ÉÏÒ�Æ?È#Ä�ý�%eõ=ÅnÄ¢È#Ò�Ó�Å?ÎJÈÇ Ê¢Î�Å�Ø�ÄfÈÒJÄ¢ÅnÊ¢Ä<ÑãÎJÈ ` � Þ�� �� � 
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 Ù ÍÇ�Ë�Ì�ÌÏÄ¢È�Ø^Ë�Ì�Æ?Ä1Í�ÑãÎ�È ` Ë�ÅnÖ d Ô?È#ÎqÖqÆnÊ¢Ä0Ë®ÌÏÇsÎ[Í�Ð�ÉµÖqÄ¢Å[Ð#ÉÏÊfË®Ì3È#ÄfÍÆ?Ì�ÐAÍ#äÛ
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ε = 10−5, µ = 10−3

slope ≈ −1

slope ≈ −0.9

slope ≈ −0.65

 h−ver, unif mesh, p = 1

 p−ver, 1 elem

 hp−ver, 5 elem

 h−ver, exp mesh, p = 1

 h−ver, Shishkin mesh, p = 1
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ÐÃnÄsÄfÈÈ#Î�È�ÉÏÍ2Ç�ÄfËJÍ²ÆnÈÄ1Ö·É�Å÷ÐÃnÄ&ÄfÅ?Ä¢È#Ò�Ó·Å?ÎJÈÇ�Û0Â±Ã?ÉµÍ2ÉÏÍ2È#Ä��nÄ1Ê(Ð#ÄfÖBÕ�Ó�Ð#Ã?Ä�ÔlÎ[Í²É�ÐÉÏØ�Ä&ÔlÎ^ñ�Ä¢ÈAÍ¬Î�Ñ ` Ë®ÅlÖ d ÉÏÅBÐ#Ã?Ä�Ä¢È#ÈÎJÈÄfÍ²ÐÉÏÇ�Ë^Ð#Ä Ù ßqÞRä(Û [ Ì�ÐÃnÎ�Æ?ÒJÃ�ÅnÎ®Ð<Í²ÃnÎ^ñ�Å�Ú�ÐÃ?ÉµÍ�Õ5Ä¢ÃnËRØ�ÉÏÎ�È±ÉµÍ<Ë®ÌµÍ²ÎsÔ?È#ÄfÍÄ¢Å[Ð�É�Å�Ð#Ã?Ä�ø�Ø�ÄfÈ#ÍÉÏÎ�Å9ÎJÅ9Ð#Ã?Ä�Ä×qÔ5Î�Å?ÄfÅ[ÐÉµË®Ì3Ç�ÄfÍÃ�Û

�



10
1

10
2

10
−3

10
−2

10
−1

10
0

10
1

DOF

P
er

ce
nt

ag
e 

R
el

at
iv

e 
E

rr
or

 in
 th

e 
E

ne
rg

y 
N

or
m

hp−version, 5 elements

 ε ≈ 3 × 10−4, µ = 0.01

 ε = 10−5, µ = 10−3

 ε = 10−6, µ = 10−4
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��� ��!#"%$����j�bì�! *��aî�í<ð/�nï#ë%2S! é ��69�/,?ïeø�ÿ"ð *8,?ï���ï *#ç®é?ð�! ê�ï¢ìïAê ,?ï¢ìï !µð�é5çS��ë�Ð#ÈÆ?Ä<ø�ÿ������+65ð�! é�*Aï � ,nïd�?ç^ð�! �"! ç®é#6�ë^éMê�é5çS�
�/,?ï¬énè+��æ#ï¢ì<ç��<ï¢î�ï���ï¢é�bð86d!µð *-,në^é �=! é ��ë^ðMÿ !µðT! é�*¢ìïAëRð¢ïAê���� ��ç®ìï2ë *8*èqì#ëS��ï *8,?ë^ì#ë *��¦ï¢ì�!
	1ëS�/! ç^éBç��T�/,V!µð±ð *8,?ï���ï��Yç^èqî�ê
æAï�ë=ÿ�4^ïìAð�! ç^é������%ç^é�ë^é�ë6�=�Mìç)�Mì�! ëS��ïî�í�ê�ïð�! �®éMïAê = 4^ë^ì�! ë�æ¢î�ï)�&��ïð5, ����J!µðJ�nçRðAð�! æ¢î�ï 6$é5ç®é5ï�� ,nïîÏï(ðAð86d��ç�ç�æ���ëS! é·ëK�aì(ènï
ø�ÿ������ æ¢í�è�ð�! é � � ,nï�ï)���nç^éMïé �"! ë®î î�í ��ìë�êJï#ê ��ïð5, =�ç^ì�ï 4Rï¢é �/,?ï ��,V!µð5, 2S! é ��ïð5,8� ! é.*Aç^é��(èqé�*��"! ç®é � ! � , ! é�*¢ìïAëRð�! é �
ÿ ��� ,+!µð�!µð0ð5,?ç �eé ! é�� �®èqì#ï A A·æAïî�ç � 6T! é � ,+! *-,��Yï&ð¢ïAï�,?ç � �/,?ïZ�aì(ènï,ø®ÿ 4^ïìAð�! ç^é =¦è�ð�! é � �/,?ï�ï)���?ç®é5ï¢é�/! ë^î8��ïð5,8�*AçS�B�?ë®ìïð � ! �/, � ,nï&ç®é5ïsç^é��"ïîÏï���ïé � ð86�! é � ,nï *AëRð¢ïð ` � Þ	� � � � d � Þ	� � 
 ë^éMê ` � Þ�� ��� � d � Þ�� �F� �

10
1

10
2

10
−3

10
−2

10
−1

10
0

10
1

10
2

DOF

P
er

ce
nt

ag
e 

R
el

at
iv

e 
E

rr
or

 in
 th

e 
E

ne
rg

y 
N

or
m

ε = 10−5, µ = 10−3

 hp version, 5 elem
 True hp version
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ε = 10−6, µ = 10−4

 hp version, 5 elem 
 True hp version 
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ε = 10−7/2 ≈ 3 × 10−4, µ = 0.01

 h ver, exp mesh, p=1

 h ver, exp mesh, p=2

 h ver, exp mesh, p=3

 h ver, Shishkin mesh, p=1

 h ver, Shishkin mesh, p=2

 h ver, Shishkin mesh, p=3

 hp ver, 5 elem
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hp version, 5 elements

 ε = 10−7/2≈3 × 10−4, µ = 0.01

 ε = 10−5, µ = 10−3

 ε = 10−6, µ = 10−4

ô�É�ÒJÆ?È#ÄsÞ1á�%eöBË®×�ÉÏÇ�ÆnÇ Å?Î�È#Ç Ê¢Î�Å�Ø�ÄfÈÒJÄ¢ÅnÊ¢Ä<ÑãÎ�È±Ð#Ã?Ä�ø�ÿ·Ø�Ä¢ÈAÍÉ�ÎJÅ�Û
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 ε = 10−3, µ = 1 

 h−ver, exp mesh, p=1 
 h−ver, exp mesh, p=2 
 h−ver, exp mesh, p=3 
 hp−version 
 h−ver, Shishkin mesh, p=1 
 h−ver, Shishkin mesh, p=2 
 h−ver, Shishkin mesh, p=3 
 h−ver, unif mesh, p=1 
p−ver, 1 elem 
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 ε = 10−4, µ = 1 

 h−ver, exp mesh, p=1 
 h−ver, exp mesh, p=2 
 h−ver, exp mesh, p=3 
 hp−version 
 h−ver, Shishkin mesh, p=1 
 h−ver, Shishkin mesh, p=2 
 h−ver, Shishkin mesh, p=3 
 h−ver, unif mesh, p=1 
p−ver, 1 elem 
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ε = 10−7/2 ≈ 3 × 10−4, µ = 0.01

slope ≈ −0.87

slope ≈ −1

slope ≈ −2.4

slope ≈ −1.6

slope ≈ −2

slope ≈ −3

 hp ver, 5 elem

 h ver, exp mesh, p=1

 h ver, exp mesh, p=2

 h ver, exp mesh, p=3

 h ver, Shishkin mesh, p=1

 h ver, Shishkin mesh, p=2

 h ver, Shishkin mesh, p=3
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ε = 10−5, µ = 10−3

slope ≈ −3

slope ≈ −2

slope ≈ −1.6

slope ≈ −2.4

slope ≈ −0.87

slope ≈ −1

 hp ver, 5 elem

 h ver, exp mesh, p=1

 h ver, exp mesh, p=2

 h ver, exp mesh, p=3

 h ver, Shishkin mesh, p=1

 h ver, Shishkin mesh, p=2

 h ver, Shishkin mesh, p=3
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 ε = 10−7/2≈3 × 10−4, µ = 0.01

 ε = 10−5, µ = 10−3

 ε = 10−6, µ = 10−4
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ε = 10−6, µ = 10−4 

 h−ver, exp mesh, p=1

 h−ver, exp mesh, p=2

 h−ver, exp mesh, p=3

 h−ver, Shishkin mesh, p=1

 h−ver, Shishkin mesh, p=2

 h−ver, Shishkin mesh, p=3

 hp−version
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ε = 10−3, µ = 1

 h−ver, exp mesh, p = 1

 h−ver, exp mesh, p = 2

 h−ver, exp mesh, p = 3

 hp−version

 h−ver, Shishkin mesh, p = 1

 h−ver, Shishkin mesh, p = 2

 h−ver, Shishkin mesh, p = 3
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ε = 10−4, µ = 1

 h−ver, exp mesh, p = 1

 h−ver, exp mesh, p = 2

 h−ver, exp mesh, p = 3

 hp−version

 h−ver, Shishkin mesh, p = 1

 h−ver, Shishkin mesh, p = 2

 h−ver, Shishkin mesh, p = 3
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