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Abstract

We consider the approximation of a coupled system of two singularly perturbed reaction-
diffusion equations, with the finite element method. The solution to such problems contains
boundary layers which overlap and interact, and the numerical approximation must take this
into account in order for the resulting scheme to converge uniformly with respect to the singular
perturbation parameters. We propose and analyze an hp finite element scheme which includes
elements of size O(ep) and O(up) near the boundary, where e, p are the singular perturbation
parameters and p is the degree of the approximating polynomials. We show that under the
assumption of analytic input data, the method yields exponential rates of convergence, indepen-
dently of € and u.

1 Introduction

The numerical solution of singularly perturbed problems has been studied extensively over the
last decade (see, e.g., the books [10], [11], [14] and the references therein). The main difficulty in
these problems is the presence of boundary layers in the solution, whose accurate approximation,
independently of the singular perturbation parameter(s), is of utmost importance in order for the
overall quality of the approximate solution to be good. In the context of the Finite Element Method



(FEM), the robust approximation of boundary layers requires either the use of the h version on
non-uniform meshes (such as the Shishkin [17] or Bakhvalov [1] mesh), or the use of the high order p
and hp versions on specially designed (variable) meshes [16]. In both cases, the a-priori knowledge
of the position of the layers is taken into account, and mesh-degree combinations can be chosen for
which uniform error estimates can be established [3], [9], [16].

In recent years researchers have turned their attention to systems of singularly perturbed problems,
which have two (or more) overlapping boundary layers, such as the one considered below: Find o
such that
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The data e, u, A, f, 70 and 77 are given and the unknown solution is u (z) = [uy(x), ua(z)]" .
—
Without loss of generality we will take 75 = 71 = 0, and in addition we will assume that

a12(z) <0, an(r) <0 VzeQ, (4)
m_(%n{all(a:) + a12(x), agi(x) +axn(z)} >a® >0 (5)
for some o € R. (This guarantees that A is invertible and ||A~!| is bounded [2].)

The presence of € and y in (1) causes the solution % to have boundary layers near the endpoints
of €, which, in general, overlap and interact. Problems of this type arise in the modelling of
turbulance in water waves [19], as well as in the finite element approximation of shells, where
the singular perturbation parameters are related to the thickness ¢ of the shell; for example, in
Naghdi-type thin shell models in mechanics there is an O(t) layer due to shear deformation and
there is a second layer (or length scale) O(t%), with 8 € {1/2,1/3,1/4} (depending on the principal
curvatures of the shell’s midsurface), due to bending and membrane coupling [12]. The 2-scale
reaction-diffusion systems we investigate in this article could be considered model problems for this
situation, with ¢ =t and pu = t°.

Matthews et al. [7, 8], studied the above problem for the cases0 < e = p << land 0 <e << p=1,
obtaining an approximation using finite differences which converged indepedently of £ and p. The
more general case of 0 < ¢ < p < 1 was studied by Madden and Stynes [6] and by Linf and
Madden [4, 5] in the context of finite differences, and by Linfl and Madden [3] in the context of the
h version of the FEM with piecewise linear basis functions. In all the works mentioned, estimates
were obtained showing that the approximation converged (at the expected rate) indepedently of e
and .

In [20] the same problem was considered in a numerical study, where particular attention was paid
to the high order p and hp versions of the FEM. In particular, an hp scheme on a 5 element variable
mesh was proposed, which included elements of size O(pe) and O(pp) near the boundary, where p



is the degree of the approximating polynomials. This scheme is the analog of the minimal mesh
degree combination for the corresponding scalar problem considered in [9] and [16]. It was observed
that this hp scheme produced exponential convergence rates, as p — oo, independently of € and p.
Our goal in this article is to establish the observed exponential rate, in the case 0 < ¢ < p << 1.
This is, arguably, the most challenging (and interesting) case, because while both components of o
will have a boundary layer of width O(|uIn p|), the first component uq(x) will have an additional
sublayer of width O(|elne|). We should mention that the case 0 < ¢ = u < 1 is conceptually the
same as the scalar problem and its analysis appears in [21], while the case 0 < ¢ << p =1 is
currently being investigated.

The rest of the paper is organized as follows: In Section 2 we present the model problem and discuss
the properties of its solution. In Section 3 we present the finite element formulation and the design
of the hp scheme we will be considering, along with our main result of exponential convergence.
Finally, in Section 4 we summarize our conclusions.

In what follows, the space of squared integrable functions on an interval {2 C R will be denoted by
L? (Q), with associated inner product
(u,v)q = / uv.
Q

We will also utilize the usual Sobolev space notation H* (Q) to denote the space of functions on
with 0,1,2, ...,k generalized derivatives in L? (), equipped with norm and seminorm |-|| k.o and

T

. , respectively. For vector functions w = [u1(x), ua(z)]?, we will write
k,Q

2 2 2

We will also use the space
Hy (Q) = {ue H' (Q): ulyo =0},

where 02 denotes the boundary of €. Finally, the letter C' will be used to denote a generic positive
constant, independent of any discretization or singular perturbation parameters and possibly having
different values in each occurrence.

2 The Model Problem and its Regularity

We consider the model problem (1), (3), described in the previous section, for 0 < ¢ < p << 1,
and we assume that the functions a;j(x) and f;(z) are analytic on €2 and that there exist constants
Ct, vfy Cay Ya > 0 such that

fz'(n)

0 < Cpyyn! VneNg, i=1,2, (6)

)

al?)

As usual, we cast the problem (1), (3) into an equivalent weak formulation, which reads: Find
W € [Hy (Q)]2 such that

< Coygn! Vn €Ny, 4,7 =1,2. (7)
00,$2

B(W,v)=F (V) ¥7¥ e [H ()], (8)



V) = % (uhvh) g+ iP (uh,vh) o, + (ar1un + araug, v1)g + (ag1ur + agguz,va)g,  (9)
V) = (fi,v)g+ (fo,v2)g - (10)

From (5), we get that for any z € (,
ETAE >a’€TE VE eR?, (11)
and it follows that the bilinear form B (-,-) is coercive with respect to the energy norm

2 2 2 2 2
1% 70 = e ul} o + 12 fuall g + 0 (Il o + sl ) - (12)

ie.,

B(W, W) > ||[T|pa ¥ € [H (@), (13)
This, along with the continuity of B (-,-) and F' (), imply the unique solvability of (8). We also
have the following a priori estimate

Tlsnz 1[7],,. "

For the discretization, we choose a finite dimensional subspace Sy of H} (©2) and solve the problem:
Find @y € [Sy]? such that

B(uWn,v)=F(7) VU e[Sy (15)

The unique solvability of the discrete problem (15) follows from (11) and (13), and by the well-
known orthogonality relation, we have

1% - Tnllpo < inf |7~ T (16)
’ 76[51\]]2

We now present results on the regularity of the solution to (1), (3). We follow the results found in
[9] for the analogous scalar problem and extend them to the case of systems; we also extend some
of the regularity results from [6]. Note that by the analyticity of a;; and f;, we have that u; are
analytic. Moreover, we have the following theorem.

Theorem 1. Let u be the solution to (1), (3) with 0 <& < u << 1. Then there exist constants C
and K > 0, independent of € and u, such that
(n)

Hul < CK"max{n,e 1} VneNy i=12. (17)

)

Proof. The proof is by induction on n. The cases n = 0 and n = 1 follow directly from (14), so we
assume (17) holds for 0 < v < n+ 1 and show that it holds for v =n + 2.

From (1), we have

—2uf{ (x) + a1 (@)uy (z) + arguz(z) = fi(x)



and hence
—2u{" ) (z) = £ (2) — (an(@)ur (@)™ — (ar2(2)uz(z)) ™

=17 =3 (1) [l el

v=0

Using the induction hypothesis, egs. (6),(7) and the facts || fillo.0 < || filloo,0, 7! < 207, we get

2 e 22 () [0 oo

n

<Cf'yfn‘+22< ) Coy?v!ICK™ ¥ max{n — v,e 1}""

(n—v)

ol (n-v)

Uy

el

Y i

n!
< Cfon' +2K"CC, Z 7)|’yaK Ymax{n — v, e 1}”*”
n ' U
< 20y ma{n, e Y+ 2K7CC Y ot (32) ma(n, 1
v=0 :

Using ( ) < n" and choosing K so that K > ~,, we get
)’u§n+2)“ < 2Cpvf max{n, e “hn L oK"CC, Z (ﬁ) max{n, e 1}

< 2Cpy¥ max{n, e} +2K"CC, Z (%)V max{n, e 1}"
v=0

1
< 2Cpv¥ max{n, e+ QCCGK"ﬁ max{n,e 1"
K

1
< n+2 ~1yn |9 -2 <7f>” 9 -2 '
< CK"™max{n,e " }" |2C¢K <) T CuK —

If, in addition, K > max{4,vs,Cs,Ca,7a}, the expression in brackets above is bounded by 1 for
all n € N, and we obtain

Hugn+2)HOQ < CK™? max{n + 2, 1}"+2

as desired. The second component of % is shown to satisfy the desired bound in an analogous way
and by noting that p=2 < e72. O

For ease of notation, let

_a-1_ |B1 B
b=A4 _[53 BJ'

We will now obtain a decomposition for the solution @ into a smooth (asymptotic) part, two
boundary layer parts and a remainder as follows:

U=wW+ATU+ AT+ T (18)



This decomposition is obtained by inserting the formal ansatz

ZZauu’] , k=12 (19)

1=0 57=0

into the differential equation (1), and equating like powers of € and u, so that we can define the

smooth part W as
Z 2621 2]—> (24,25) (20)

=0 j=0
where the terms w292 are defined recursively by
w9 = B, (21)
' [ (2i-2,0)\" 4 0
w@0 =B <u1 ) ] , 7 02) — B (u(0,2j2)>”] , (22)
0 2

'(1g2i—22j) "
722 — g |\1 i j=1,2,... (23)

<u§2i,2j—2))”

A calculation shows that

LW - @) = 2M+2Z“2] [(u M2J)>

2M+2252z [< 212M> ] 7 (24)

hence, as €, u — 0, w(z) defined by (20) satisfies the differential equation, but not the boundary
conditions. To correct this we introduce boundary layer functions w+ and %~ by

L7 =0 inQ LTt =70 inQ
@ (0) = [1,1]7 TH0)=10 (25)
T =0 wH(1) = [1,1]"

In order to satisfy the boundary conditions we set

4= [_wé Y —w(;(oj |

and

gy

(26)

The following results analyze the behavior of the terms in the decomposition of .



Lemma 2. Let w %) be defined as in (21)~(23). Let G C C be a complex neighborhood of
Q = [0,1]. Then there exist constants K1, Ko > 0 depending only on G and || B||so,c such that for
all n € Ng

o)™ <ty 0

where i, j € Ng, and 1 =1, 2.

Proof. The proof follows that of Lemma 2 from [9]. For 6 € (0,1], let G5 := {z € G : dist(z,0G) >
d}.

Claim. Hul(%’?j) H

< 6 (2i42) [202) (9 4 94)] HH’(O’O)H forl=1,2, 14, j € Np.

007G5 - 0,

Assuming the claim holds, let r = min{dist(z,0G)} and 6 = min{1, §}. Then for any z € Q, the
z€Q)
disk with radius d and center z is in Gs C G. For any x on the circle with radius § and center z,
we have ’ ul(2l72])($)} < H ul(Ql’QJ) H o So by Cauchy’s Integral Theorem and the claim, we have for
w’ 6
any z € €,

()" @)

H < n_!5f(2i+2j)K2i+2j(2i +25)! HW(O,O)H
00,Gs - 6” 00,G

n
0
(5) () wrammmen]_,

We note that K is chosen such that K? > 4e [ Bl and that ¢ depends on G. Thus if we let

n

2i,2j
ul( 1,25)

<
<

K 1
K, = 5 and Ky = 5 the constants K1 and K3 depend only on G and | B||, o and the lemma is
proven.

It remains to prove the claim. By (21)—(23),
. . " . . "
P 0:) = Bi(2) (uF20) (@), uf () = Be(2) (w2 (2),

u:(LO,Qj) (Z) _ 62(2) <U§072j_2))” (2)7 ugO,Qj) (Z) — /84(2:) <u50,2j—2)>// (Z),

. "
21—2,0
("77)
00,Gs

(0,2j-2)\"
<u202] 2) HOO’G(S,

for I = 1,2. We can use Lemma 2 of [9] directly on these equations to get the claim for ¢ or j =0,
while for ¢, 7 > 0, we have
Jisy

We proceed by induction on 2i + 2j5. Assume the result holds for 2i + 2§ < m and look at
2i +2j =m+2 (ie. 20 +2j —2=m). Recall that K? > 4e [ Bl and let s € (0,1) be arbitrary.

and so

Hu(zi,o)

l < 1Bllo.c

Hoo,Gg

and
0,2j
[ < 1Blwe
00,Gg

(24,25)
], <150

ey

L 1=1,2.  (28)
00,G g

OO7G5
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We notice that the closed disc of radius x4 and center zg is completely contained in G(1_)5 € G
for any such zg € Gs. Also, for any x on the circle of radius ké and center zg,

’ul(m”( ‘ < H (2i,2)) H =12
00,G(1-r)s
Since 2 — 2425 = m = 2¢+ 25 — 2, we can use the induction hypothesis on ugm_mj) and ué2i’2j_2)
with G(1_)s, and Cauchy’s Integral Theorem to get
- N/ 2 . . . .
‘ <u§2z 2,2;)) (ZO)‘ < (R5)2[(1 _ 5)5]7(21+2j72)K22+2j72(2i 25— 2)! HW(0,0)H
and
‘ ( (2i,25—2) ) ‘ (1= K)8] (2i+2j—2) pr2i+2j— 2(2i 4+ 25 — 2)! H (0, O)H .
- 00,G
This is true for any zp € G5, so by (28),
(2i,2j)H <IIB 4 1_ (2i+2)-2) [ 2i+2j-2 (95 4 95 _ 9 H (0, O)H
[ 6, < 1Bl gl = w41 (2i +2j - 2)! p

— 0§~ 220 |22 (97 1 94)1 HU(0,0)H 7
00,G

where
4{Bl .

1
T K22(1 — g)2iH252 <(2¢ +25)(2i + 2j — 1)) '
It remains to show that C is bounded by a constant. Note that 2¢ + 25 — 2 = m, and consider the

. 1 1 _ 1 . mil
eXPIession = G2 (D) Let k = P andsol— k= prow, B Then we have

1 1 m+ 2 1
oy g e oy S G (m—i—l) m+2)m+1)

m+1 m+1
m+ 1 m-+1 -
4)1Bll . o
us S ——————€e X Yy choice o an € Claim 1S proven.
Thus € < ——%% ¢ < 1 by choice of K and the cl O

Lemma 3. Let w(?%%) be defined as in (21)~(23). Then there exist constants C, Ky, Ky > 0
—
depending only on A and f such that

(o) < ontmgiam (29)
00,02

for any i, j, n € Ny.

Proof. Since the functions 3;,i = 1,...,4 of B = A~! are analytic on €, there exists a neighborhood
G C C of Q on which all 5; are holomorphic and bounded. Also, since the functions f;, i = 1,2 of
— —

f are analytic on €2, we can also assume f; are holomorphic on G. Thus, by Lemma 2,

(mzz',zj>)<“)H

The fact that || (©0) < C gives us the desired inequality. O
00,G

< K22 |n(2i + 2j)n! HU“):O)H

00,82

8



The next theorem bounds the derivatives of W, independently of € and .

Theorem 4. There exist constants C, K1, Ko € RT depending only on 7 and A such that if
AMpKq < 1, W(z) given by (20), satisfies

o < CKyn!Vn e Np. (30)

e

Proof. Recall that
M M
W (z) = Z 2621'#2]'7(21‘,23').

i=0 j=0
Setting Ko = K in Lemma 3, we get
M M
(1) T 2 20 ) 2025
w < CEyn! Y ) e (20 + 25) K5
00,2 i=0 j=0
M M
T 2, 25 (0; 25425 720427
§C’K2n.ZZ€ w7 (28 + 27) Kj
i=0 j=0

M M
= CKyn) Y 0 (¥ K720 + 25)*) (n¥ KT (2i + 25))
i=0 j=0
M M
< CKyn! ) 0 (eK14M)* (uK4M)Y.
i=0 j=0

Since AMeK; < AMuK; < q < 1 for some ¢, the sums above can be bounded by a converging
geometric series and we get
H@“") < CKynl.

00,02

Setting K1 = % gives the desired bound. O

Remark 1. By the previous result, we see that AT and A~ in the decomposition (18) for U are
bounded independently of € and p.

We now derive bounds on the boundary layer part w~. The bounds for @+ can be derived in an
analogous way.

Theorem 5. Let u ™ be the solution of (25). Then there exist constants C, K > 0 independent
of €, u and n such that for any x € 2, n € Ny,

‘(uf)(n) (x)’ < CK" (e*m/€ max{n,e '} + e"**/* max{n, ,ufl}"> , (31)

’(u;)(n) (a:)‘ < CK" (e*m/8 max{n", "2 "2} + e re/m max{n, ,ufl}”> . (32)



Proof. We will first prove (32), by induction on n. The cases n = 0 and n = 1 were shown in [6],
so assume (32) holds for 0 < k < n + 1 and establish it for n + 2. We have from (1)

¥ (u3)" () = aon(@)uy (x) + aga(@)u; (x).

Using (7) and the induction hypothesis, we obtain

i ()" (@) < z (k) [ @)| @)™ @)+ | @) [ (w2)" ™ @)]]
< kzn:_o (Z) [2Cafy§k!CK"*k{e*m/€ max{(n — k)", ety
B |
< 20K"C, ; = f! T (%)k e maxc{n, e 71 4 e max{n, 1}
< 20K"? [?_LJ;] [e—m/f max{n,e 1} + e~*/1 max{n, u—l}n} .

We may choose K > max{1,C,,,} so that the fraction in brackets above is bounded by 1 hence

()" (@)

IN

2CK™+2 (e_fw‘/‘s,u_2 max{n + 2,1} + e ¥ "2 max{n + 2, ;L_l}”>

< CK" (e*m/s max{(n +2)""?, p 27"} + e/ P max{n + 2, ,ufl}"“) ,

for all € Q as desired. We note that, since e 72 > p~2, the above expression can also be written
as

[(u7) " (@)] < CK™2 (750 masc{n + 2,712 4 e~ masc{n + 2,571 L (33)

Repeating the previous argument for u; yields
’(uf)n (z)| < CK™max{n el [e_m/s +e ™M Ve
1 —= 9
which is not quite what we want. So, we proceed in a different manner. Define the scalar operator
2,1

Lou:= —¢*u” +anu

and note that

L. (ul_)(n) (x)‘ = ’—52 (ul_)(n+2) () + a11(x) (ul_)(n) (a:)’ .

The first component of L (u ™) =

2 (up) " (@) = (- an (@) (2) — ar(@)e; (@)

10



Using (33), we have

an(z) (u7)™ (@) - io <n>

L (7)™ (@)] =

< Jarz(x)] ‘(UE)(H) (x)‘ +i

ai @) | (u3)" ™ (@) )
<C,CK" (e*m/g max{n, e 1}" + e/ max{n, ,ufl}”>

+ yz: V!(nn—iV)!{ZCa'YlVV! ()" @]+ |w) "™ @)) }.

< n* and the induction hypothesis we get

Using o) =

Lc (uy) () (l‘)‘ < C,CK" (e_m/e max{n,e '} + e"** max{n, ,u_l}”>
n - v (Ya\¥ —zafe —1\n—v
+2C,CK n({—=) (e max{n —v,e '}

+ e~a/p max{n — v, M_l}”_”>

< C,CK" (e*m/g max{n, e 11" + e~ * max{n, ,ufl}”>

+2C,CK" Z (%)y (e*m/f max{n,e ' }" + e **/* max{n, ,ufl}”>.

Since K > max{1, C,, s}, we may bound the finite sum above with a converging geometric series
and obtain

L. (uf)(n) (x)) <CK" (e*m/s max{n,e '} + e*/* max{n, ,ufl}") Vo € Q.

We have already seen that on 052
’(uf)(n) (x)‘ < CK"max{n,e 1}" [e_m/s + e_m/“} .
Since e %/ 4 =2/l < 2 for all z € AN, we further have
’(uf)(n) (l‘)’ < 2CK"max{n,e 1}"
for all z € 0€). We now define the barrier function

U(z) = CK" (e*m/&: max{n,e '} + e7**/* max{n, ,ufl}")

with C sufficiently large so that ¥(z) > ‘(uf)(n) (z)) on 02 and

Clay(z) —a?) >C VzeQ.

11



2

Recall that ¢ < p and so aj1(x) — 8—2012 > a11(z) — a?. Then, for any z € (,
o

L.U(x) = 0" (x) 4 ay1 (z)¥(x)
_ éKn{ _ 22 ((efxa/s)ll max{n,sfl}" + (6*1”04//1)” max{n, Mfl})

+ a11(x) (e_m/‘5 max{n,e ' }" + ¢ **/* max{n, ,u_l}") }

~

2 2
— CK”{ _ 82 (%efma/e max{n, gfl}n + %efma/u rnax{n, Mfl}n>
+ a11(x) (ef‘m/e max{n,e 1}" + e T/ p max{n, M—l}n> }

= CA'K”{em/E max{n,e 1} (a11(z) — a?) + e ** max{n, p~1}" <a11 - %oﬂ) }

> K"Cl(ay; — o?) (e_m/‘5 max{n, e 1}" 4 ¢7*/* max{n, ,u_l}”>

> .f('"ﬁ(ff"’“"o‘/E max{n,e '} + e 7" max{n, ;fl}”>.
By the Comparison Principle (Lemma 1 of [6]), we get that ¥(z) > ’(ul_)(n) (m)’ for all 7 € Q; i.e.,

‘(UI)(H) (fﬁ)’ < CK" <e_m/E max{n,e 1}" + e—re/n max{n, M—l}n)

and this completes the proof. O

The following result establishes that the boundary layer functions can be separated into a part that
depends on ¢ and a part that depends on p. This was also shown in [6], where derivative growth
estimates were established for the first three derivatives of % ~. Here, we extend those results and
obtain estimates valid for a much higher number of derivatives, something that will be needed in
Section 3 ahead.

Lemma 6. There exist functions u; , Uy s Ug e and Uy, such that
uy (z) = uy () +ug,(2), us () = uy () +uy , (2).

In addition, there exist constants C, K > 0, independent of € and u such that forn=20,1,2,...,q €

N, for some q < a1,

()] <y N
<U£€> (n) ()] < CK"e~"/ max {nn“u—Qe—n-&-Q} (35)
_\®) eay e

<'U/,L~”u> (.f[f) S CK"e ** " max {TL,,U } , 1= 17 2 (36)

for all z € Q.

12



Proof. We note that the above result was established in [6] for n = 0,1, 2, so we prove it for n > 2.
Concentrating first on uj (z),uy (), we define

1
o _ eanln(u/2)

>0,
a(p—e)

and we have
e afe _ Iulfnefm oz/u'

Now, there exists (* € (e, ) such that

ot cun(n(u) —Infe)) _epn 1 _epnl  pn

alp—e) a (* a e«

9

so if m < a/p we have z* € (0,1). Moreover, observe that on [0,z*) we have e e %/¢ >
p~"e*/k while on (z*,1] we have the opposite. Now, define uy ,(z) on [0,1] by

e L O [
upa) = & ¢ ) el
uy () ;@ € (2%, 1]

and set

up () = vy (2) —ug ,(2).

By construction, u; (z),uy () € C" ([0, 1]), and on [0, z*] we have

()" @)

’(ul_)(n) (37*)’ <CK" (6796*0‘/8 max{n,e 1} + e /M max{n,,ufl}")

< 2CK"e M max{n, p '} < CK"e " max{n, n ' }".

On (z*, 1] we have

()" @)

= ‘(uf)(n) (:v)‘ < CK" <e_m/‘E max{n,e '} + e"**/* max{n, /fl}”>
< CK"e /P max{n, 1",

since for x € (x*, 1] we have e "e~%/¢ < y~"e~**/i, Thus,

()" @)

Next, notice that u; (z) = 0V x € [z, 1], and for z € [0,2%) we have eMeTTY/E > e relk,
which gives

< CK"e ™M max{n,p '}, Vz € QL.

IN

)™ @) +] (w1,) " (@)

CK" (e_m/‘5 max{n, e '}" + e **/* max{n, ,u_l}”>

IA

< CK"e ™/ max{n,e '}", Vz e Q.

13



To establish the desired bounds for u, (), u, (%) we proceed in a similar fashion by defining

ep(n—2)In(p/e)
a(p—e) -0

T =

and noting that
N—Zg—n+2e—5a/a _ M—ne—’z\a/u'

Thus, if n — 2 < a/p then € (0,1) and on [0,Z) we have y~2e"+2¢=%%/¢ > | ="e=2/i hile on
(z, 1] we have the opposite. Define uy ,(x) on [0,1] by

3 (2—2)" uy)? @ x €0,z
u2_,u<x): 22) 7! ( 2) ( ) 3 [ ) )

ug () ,x € (z,1]

and set
Uy () = uy () —uy ,(2).

Proceeding as above, we see that on [0, Z)

(12,)" )

= |3) " @) < OB (e maxtn™, u2e ) + P max(n, u~')")
< 2CK"e "t max{n, p =} < CK™e /" max{n, p~'}".

On (7, 1] we have

CANE

= ()" @) < CK" (e ma{n®, =242} + ¢ ma{n, =1}

< CK"e ™" max{n, p~ 1",

(v2,) " @)

It remains to establish the bound for u, ., which satisfies uy () =0V z € [7,1]. For z € [0,7) we

hence
< OK"e ™M max{n,p '}, Vz € Q.

have
_\® \(n _\™
(i) " @| = |2)" @|+|(u2,) @)
< CK" (e_m/a max{n", u 27"} 4+ e~/ P max{n, M_l}”>
< CK"e ™/ max{n™, p~2c"*?} Vo e
and the proof is complete. O

The final theorem of this section gives bounds on the remainder 7 in terms of x, the order M of
the asymptotic expansion (18) and the input data.

Theorem 7. There exists constants C, K1 > 0 depending only on the input data A and ? such
that if AMuK;, < 1, the remainder 7 defined by (26) satisfies

17l pq < Ou® (AMpK)*™ . (37)

14



Proof. Recall that 7 satisfies (26), thus the a priori estimate (14) gives

( (2M,2j ) 2M+22621 ( (2i,2M) )

1
I7llp < < W“Z 2

0,2
By Lemma 3, and the fact that (a + b)! <2 (a+b)""" V a,b> 0, we get
1 Mo . Moo
ITlgq < =<MDY W@ KPMRG (M + 25)120 + p2M 2N "X KPTM K (20 + 2M)12!
@ =0 =0
5 M
< 2, 2M+2 5 2M g2 2j 7-2J \y
< Ki K2ZM K17 (2M + 2j)!
7=0
2 Moo .
< _M2M+2K12MK222M23K12] (2M + 25)(2M+2)
a =
5 M
< ARG Y (1
a
=0

M
< COp? (AMpE )M (AMpKy)?
=0

Since 4M K, < 1, the above series can be bounded by a converging geometric series, and we have
the result. O

Remark 2. Theorem 7 shows that the remainder is small provided 4M i is small. In the case when
AMp is large the asymptotic expansion is not meaningful.

3 The Finite Element Method

In this section we describe the specific choice of the subspace Sy, which will allow us to approximate
the solution of (15) at an exponential rate.

Let A={0=2x9 <z <..<xp =1} be an arbitrary partition of Q = (0,1) and set
Ij = ($j71,.’L'j), hj =Tj —Tj-1, j = 1,...,./\/1.

Also, define the master (or standard) element Igr = (—1,1), and note that it can be mapped onto
the j™ element I j by the linear mapping

v =Qi(t) =5 (1~ )z + 5 (1+0)a

[\DlH

With II, (Is7) the space of polynomials of degree < p on Igr, we define our finite dimensional
subspaces as

Sn =8P (A) = {ue H (Q):u(Qi(t) € My, (Isr) 5 = 1,00, M}

15



and
SB(A) = [ST(A) N HY(Q), (38)

where p’ = (p1,...,pa) is the vector of polynomial degrees assigned to the elements.

The following approximation result from [15] will be the main tool for the analysis of the method.

Theorem 8. For any u € C*® (TST) there exists Tyu € 11, (IsT) such that

u(£l) =Zpu (£1), (39)
2 1 (p—s) (s+1) 2 _
o= Toull 1yr < 0y Hu HOJST W s=0,1,...p, (40)
_ ) 2
H(’LL _Ipu)/H§[ST S (p 8). Hu(s_'_l)H ) \V/ s = 07 17"'ap' (41)

0,/sT

The definition below describes the mesh used for the method: If we are in the asymptotic range
of p,i.e. p > 1/e > 1/u, then a single element suffices since p will be sufficiently large to give
us exponential convergence without any refinement. If we are in the pre-asymptotic range, i.e.
p < 1/p < 1/e, then the mesh consists of five elements as described below. We should point out
that this is the minimal mesh-degree combination for attaining exponential convergence; obviously,
refining within each element will retain the convergence rate but would require more degrees of
freedom — one such example is the so-called geometrically graded mesh discussed in [9] for the
scalar problem.

Definition 9. For x > 0, p € N and 0 < ¢ < u << 1, define the spaces ?(/@,p) of piecewise
polynomials by

gg(A)Q A={0,1} if kpe > %
—
S (kp) = { SP(A); A = {0, kpe, kpp, 1 — ki, 1 — kipe, 1} if kpp < :
§>p(A)S A = {0, kpe, 1 — Kkpe, 1} if kpe < 3, and kpp > 3.

In all cases above the polynomial degree is uniformly p on all elements.

Before we state the main theorem of the paper, we present a useful computation.

Lemma 10. Let p € N, X € (0,1]. Then

(p—Ap)! _
(p+Ap)! —

(14 )+

_ p
(1 — >\)(1 )\)] p72)\p62)\p+1'

Proof. Using Stirling’s approximation

n\n” _1 n\" _1
2mn (—) ezntl < nl <+V27n (—) eTzn < /27
e e

3
/N
o3
~——

3

Q)

16



for the factorial (cf. [13]), we have

(1—np) Y B
(p—Ap)! < 2r(1—=MN)p ( e ) e _ [(1— )\)p](l A)pe%pel—m
P+t T \2r(1+A)p ((HA)p)““)p e [(14A)p] TP
(1= nN]?

IN

—2Ap 2\

We now present our main result.

Theorem 11. Let 7 and A be composed of functions that are analytic on Q and satisfy the
conditions in (4)—(7). Let W = [u1,us]’ be the solution to (1), (3). Then there exist constants
— —
k,C, B > 0 depending only on f and A such that there exists T,u = [Lyu, Tyus]’ € S (k,p) with
Z,w =u on 0N and
17 — T, |5 < Cple ™.

Proof.
Case 1. kpe > %, ie. p> ﬁ (asymptotic case), A = {0, 1}

From Theorem 1 we have

oo

o < CK?"max{n,e '}*" Vn € Ny,
0’

—

and by Theorem 8 there exists Z,uw € S (k,p) such that v = I,

—

« on 0 and for 0 < s <p

167 =2 o < G [0 = e st 1o

Choose s = Ap, for some A € (0,1]. Then, since p > 1/(2ke), we have
max{s + 1,e" 1126+ = max{Ap + 1,7 11200) — (\p 4 1) 209+1)

which, along with Lemma 10, gives

Ap)!
€ —T.7Y 2 < (p— W7 AP A pe2(w+1) () 1)20w+1)
H(’LL pu) HO,Q — (p+)\p)| ( D + )

( )\)(1 A)
(1410

=N ] 2 (1420\*Y
(1+)\)(1+/\)(6K) ()\p+1)< ; )

=N | (L)
0T )\)(1+>\) (eK) <p + )\) .

p
] p72)\p62)\p+10K2(/\p+1) O + 1)2(/\p+1)

CeK?

IA

IN

CeK?p?
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2\p ap]?
Since <% + /\) = \2» [(1 + /\ip> } < e2X2M_ we further get

¥ -1.0) -V ]
|(@ =27 [gq < Cv° L nam EAT
so if we choose A = (eK) ™! € (0,1) we have
H(U—Ipﬁ HOQ<Cpe p, (42)

¢!
mw < 1, and the constant C' > 0 is independent of € and . Repeating

the previous argument for the L? norm of (W — Z, %), we get, using (41),

where b = |Inq| , ¢ =

17 — I, o < Ce™, (43)

with C' > 0 independent of ¢ and p. Combining (42)—(43), and using the definition of the energy
norm (12), we get the desired result.

Case 2. Kpu < % Le. p< ﬁ (pre-asymptotic case), A = {0, kpe, kpu, 1 — kpp, 1 — kpe, 1}
The mesh consists of five elements I;, i = 1,2, ...,5 and we decompose U as in (18):
U=w+ AU+ AT+ 7

The expansion order M is chosen as the integer part of nxp/4 (and for notational convenience we
will simply write 4M = nkp) where n > 0 is a fixed parameter satisfying

[a—y

1 — 1
-nKi; <1 —nK1 =1 <=
277 1 ) 277 1

[\

with K7 and K the constants from Theorems 4 and 7, respectively. The choice of n guarantees
that as kpu < %, we have

_ _ _ 1 —
AMeK1 < AMupK, < nrpuk; < 577K1 <1

and

1
AMe Ky < 4M,uK1 < anMKl < 577K1 )

Thus the assumptions of Theorem 4 are satisfied and the remainder
particular, we have

l\DI)—~

<
7 is small by Theorem 7 —

17l g < Cpu? (AMuK)* < Cp28* < Cps™? < CpPeP2r, (44)
where 5 = [Ingy|, g2 = 0"/2 < 1.

We next analyze the approximation of each of the remaining three terms in the decomposition (18).

18



—_—
For the approximation of w, we have, by Theorem 8, that there exists Ipﬁ € S(k,p) such that

E):Ipﬁ)onaﬁandforogsgp

— =2 (p—S)! —(s+1) 2 (p_s)! 2(s+1) 2
R P |[@e|| < TSR (RO

where we used Theorem 4. Choosing s = Ap, for some X € (0,1], and using Lemma 10, we get

— —\/]12 (1—X)(1J) ’ —2Xp 2Xp+1 22p+2 | (Y Ap+14+1/2  _Xp-1 2
@ -@) |2, < | P een [up+n ; p]
I I — 2\
< C(p+1) LN | g (—1+/\p>
(143" p
[ Y (1_X)- P _ _ Ap 2
< c(p+1)’ a i) TSy KPPV (1 - %) ]
L (1+)) | P
AN 17
< P (1 i)(1+,\) (KQA)QA
(1+X)
Thus, we choose A = 1/K5 € (0,1) and we have
(@~ Z,@)||g o < CPPe P, (45)

( ST\ (%)

where 83 = |Ings| , g3 = < 1. Repeating the previous argument for the L? norm of

(W — I,w), we get, using (41),
Hw - Ipﬁllg Q= C'pe’ﬁﬂ’7 (46)
with C' > 0 independent of € and p.

We now approximate the boundary layers. We will only consider A~ ~, since AT % T is completely
analogous, and we will concentrate on the approximation of u ~, since A~ = diag(—w1(0), —w2(0))
is bounded independently of ¢ and u (see Remark 1). Recall that

U= [uf,u;]T = [ufs Uy Uy + uiH]T,

hence, we will construct separate approximations for u; . on the intervals I =1, = [0,kpe], I =
Uf:2li and for uy , on the intervals Is = I[; U Iy = [0, kpp), Iy = U?zgli. The same will be done for
Us -

By Theorem 8 there exists Zyu, . € S(k,p) such that Tpuy, = uy, on Ol and for 0 < s < p

| st )

2 2

(v~ Tpur) (47)

0,11
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By Lemma 6,

9 KpE (s41)
0,1 B / <u1_8> (x)
541 0

< C/ipEK2(S+1 max{s+1 8_1}2 (s+1) Ifcl)ax ]{6 xa/e} (48)
x€|0,kpe

2
dzx

()
e

for s+1=0,1,....q < a/p. Since kpe < kpu < 1/2,ie. s <p < ﬁ < Q—}w, we have max{s +
1,6 1}206H) = c=2(+1) and (47), (48) give

1|2 —3s)!
(uiE — Ipu£5> < (kpe)® uC/@pEKQ(SH)e_Q(SH)

0T, (p+s)!

< C K26+ 2s+1p2s+1 _1(p—3)!
(p+s)

Choosing s = Xp for some \ € (0,1), and using Lemma 10, we further obtain

2

€ € — -
0,71 p+ )
< C Kz(XpH) 2p+1 2,\p+1 -1 {( o, prXp eQXpH
2 -1 B 2)\p
< CeK*kpe ~—F——| (Kek)
—\ (1+1)
(1 + A)
< Cpelte P, (49)
(1-%)
where B4 = |lnqs| , @1 = & < 1, provided we choose k = —. Now, on the interval
(1+)\)(1+>\) eK
Iy = [kpe, 1], uj . is already exponentially small, and by Lemma 6
/ 2 ! 12
— _ — dr < C 201 _ —2zo/e —2 _—2kpo
uy . = (T z < Ce (1 —kpe)maxqe < Ce % ,
’ 0,72 ' x€lq

Kpe

with C > 0 independent of € and pu. Thus, we approximate uy . by its linear interpolant Zyu; ,
and we have

12 112 112
(v~ | < \ (i) +H(zlul,€> e,
0,12 0,12 0,12
which along with (49) give
112
‘ <u1 . — Lpu) €> < Cpe2e PP, (50)
0,2
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for some B5 > 0, independent of € and p. Repeating the previous arguments for the L? norm of
<ui€ —ZIpuq . ), we get
uy . — Lyu
H l,e PHle 0.Q

)

< CePor, (51)

for some B¢ > 0, independent of € and p.

The approximation of u; , on the intervals I3 = L UL = [0,spu), 14 = U_I; is completely
analogous (and the details are ommitted), yielding

2

!
(“Lu - Ip“Lu)

< Cpu~2e P17 (52)
Q

)

and )
Hul_u —Ipuiuuog < Ce PP, (53)

for some (7, Bs > 0, independent of € and u.

We now turn our attention to the approximation of u, = Uy + Uy s which is achieved in a similar
fashion as above. On the interval I; = I; = [0, kpe], we have by Theorem 8

/|2 (p—s) (s+1)||2
— — 2s \P S)' —
Us —Iu2) < (kpe) <u2) , 0<s<p
’ ( =T o, (P +5)! * 0T
and by Lemma 6,
Kpe 9

dx

()"
2,e

o= )
o 0

< CrpeR*C ) max{(s + 120 12T max {0/
x€|0,kpe

< CrpeK2H) max{(s + 1)26+Y =22,

Since kpe < kpp < 1/2, we have max{s + 1,6 1}2(5T1) = ¢=2(s+1) and hence

2 Y N
< (HpE)zS (p—s);cnpgK2(s+1)H72€f2s < C,U,72 (HpK)QSJrl (p S).'

/
Uy . — Lpusg )
( 2.e — tplUze o7, (p+s)! (p+s)!

Choosing s = Ap for some \ € (0,1), and arguing as in the derivation of (49) above, we can show
that

for some (B9 > 0, independent of € and u, provided we choose xk = % On the interval Iy = [kpe, 1],
u; . is already exponentially small, and by Lemma 6

1

_ / 2 _ /

(w22) ], = /| (=)
0.7

Kpe

2
< Cpp~2e=Pop, (54)

/
(u2,£ - Ipu2,£> _
0,11

2

dr < C,U«iQ (1 - /ipE) max {672“0‘/5} < Cuf2ef2npa'
x€lq
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Therefore, we approximate u, . by its linear interpolant Z;u, ., and we have

(ws.)] +.H(11ULE)'

0,12

2 2 2

!/
(qug — Ilu2j€> _ S Cpreme

0,12

]
0,12
which along with (54) give
2

< Cpp~2e o7, (55)
0,2

/
<u2,8 - Ipu2,€>

for some (19 > 0, independent of € and p. In a similar fashion, we obtain

2
Hu2,€ - Iqu,e 0

0 < Ce—ﬁnp’ (56)

)

for some 17 > 0, independent of € and u. The same arguments work for the approximation of
Uy, allowing us to get estimates analogous to (55) and (56). Thus, combining (50), (51), (52),

(53), (55), (56) and the analogous estimates for u, ,, we have

_ e o _ _ 2 _
J(a =T < Cp 2 oy = o < 0 &
and 9
_ ! _9 _ _ 2 _
|5 =2 )], < Cone? s Ny ~ Tz [ < 0, )
for some § > 0, independent of € and u. Using the same techniques, similar bounds can be obtained
for w.

Combining (44), (46), (57), (58) and the analogous bounds for @, we have

1T -5l = [(@+A7T + AT +7) = (LT +A LU +ALT + 7)o
< T -LE o+ C{IT -LT oo+ 1T -7 0} + 17 e
< Cpe PP,

for some 8 > 0, independent of £ and u. Similarly,

2

2
o + ‘ul# _Ipul,u‘ } +

2 2 _ _
lu —Lpulig < |lwr—Tyunljg+C { ‘ul,s —Zpuy, Lo

17

2
+ +
+C { ’ul,e - Ipul,e

2
+ + 2
+ ‘u Tou ’ + |r
1.0 1 PY 1, 1.0 | ‘1,9

IN

Ce 2pPe PP,

and
‘UZ - Ip“Q’iQ < C“—Qp?)e—ﬂp?

so that

17 — I, %% &% lur — Tyua |} g + 1 [ug — Tyus|T g + @ (Hm — Tpur |3 g + lluz — zpugug’ﬂ)
< Cp3efﬁp

as desired.
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Case 3. kpe < 3 L and kpp > 3 3, L.e. ﬁ <p< 2,% (‘semi’-asymptotic case), A = {0, kpe, 1 —kpe, 1}.

In this case p is in the range where the boundary layers involving p are resolved without any mesh
refinement, but those involving ¢ still require mesh refinement.

As we are still assuming that 4Mp is small (see Remark 2), the assumptions of Theorems 4 and
7 hold, and we will omit the discussion pertaining to the approximation of the smooth part and
the remainder (since it is similar to Case 2). For the boundary layers we will only consider u, =
Uy + Uy, since the approximation of u; and u Ut = [u],ug]? is completely analogous. For Uy
we will construct separate approximations on I; = [0, kpe] and Iy = [kpe, 1], as in Case 2, while

Uy, will be approximated on = [0,1]. For the latter, we have by Lemma 6,

[(5.)"

while by Theorem 8 there exists Zyu, , € S (K, p) such that Tyuy, = ug,, ondandfors =0,1,....p

2
< CK*™max{n,p 3", n=0,1,....q < a/p,
Q

PR PN
Tyuy, —ty < 5
H( P u2,u) 0.0 (p+s)! < ) 0,Q
|
< (p 8) CKQ"maX{s+l M—l}?(s—i—l

(P +9)!
Choose s = Ap, for some \ € (0,1]. Then, since p > 1/(2ku) we have

~ 2(0p+1
max{s + 1, PO = max(Rp + 1,671 2O = (3p+1) o

and

2 < MC’KZ()‘PJFU (Xp n 1)2(Xp+1)
0,02 (p + )xp)

from which, following the same steps as in Case 1, we obtain

/
H (Ipuiu o u5u>

2
/
H (Towgy =) || < CpPeab, (59)
) ) 079
. (13" . ~ . .
with ¢ = ~—-— < 1, provided we choose A = 1/(eK) < 1. A similar argument yields
1+A
_ — | —|lng|
HIPUZM - u2’MHO N < Ce™Mawp, (60)

The approximation of u, . on 11 = [0, kpe] and Ty = [kpe, 1] is identical to Case 2 (and the details
are omitted), resulting in bounds analogous to (55) and (56), which in turn give us the estimates
(58). The desired result is, thus, obtained by arguing as in Case 2 above. (I

Using the above theorem and the quasioptimality result (16) we have the following.
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Corollary 12. Let w be the solution to (1),(3) and let W rg € ?g(A) be the solution to (15).
—
Then exist constants k,C,o > 0 depending only on the input data f and A such that

17— W rplgg < Cp¥Pe P

The above result shows that as p — oo the method converges at an exponential rate, independently
of the singular perturbation parameters ¢ and u, when the error is measured in the energy norm.
In the numerical study from [20] it was observed that the method not only converges at the above
rate, but as €, u — 0 the performance improves. In particular, the following estimate was observed:

|7 — W rplpg < Cmax{e, u}'/2e” P = Cpu?e™. (61)

This was the case for the scalar problem with constant coefficients and polynomial right hand side
studied in [16]. It is interesting to note that in [20] the above rate was observed for the variable
coeflicient problem as well, even though for this case no exact solution was available and the errors
were computed using a reference solution.

4 Concluding Remarks

We have studied the approximation of a coupled system of singularly perturbed reaction-diffusion
equations, by the finite element method, focusing on the case when the singular perturbation
parameters € and p satisfy 0 < ¢ < pu << 1. We showed that under the assumption of analytic
input data, the hp version on the variable five element mesh {0, kpe, kpp, 1 — kpp, 1 — kpe, 1} yields
exponential convergence, independently of € and pu, as p — oo, when the error is measured in the
energy norm. The constant x in the mesh was shown to depend on the constant of analyticity of
the input data.

The cases when 0 < e = <1 and 0 < e < p =1 are presented in [21] and [22], respectively.
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