Six Degree of Freedom Point Correspondences

Mili I. Shah

Abstract—In this paper we develop the best homogeneous where
matrix transformation to fit two streams of dynamic six degree of

freedom (6DOF) data. In particular, we compare object positon 1
and orientation results from two 6DOF sources. A problem t;=t;—t and ¢= n ti
that arises when comparing these two data streams is that tlye 1=0
are not necessarily in the same coordinate system. Therefara N PR i
method to transform one coordinate system to the other is neked. ti=t;—t and t=— t;
We solve this problem by developing an optimization problem ni
that minimizes the space between each coordinate system. In .
other words, we construct a rotation and translation which kest ~ 2) Set the best transformation
transforms one coordinate space to the other. —~
t =1t — R, 3)

whereR is calculated from Step 1.
The simpler problem of finding a closed-form solution to the

With the advent of newer and more technologically adrest rotation and translation to fit two sets of three-direers
vanced robotic vision systems, there is greater need foelno@oint correspondences (which represents only position and
mathematical techniques to calibrate these systems. i g¥gnce 3DOF) has been around since the 1980's [1], [2].
ticular, there is a need to calibrate six degrees of freeddpst formulations are reduced to finding a rotatiBnand
(6DOF) sensors which track not only the position (3DOF) bdfanslationt that solves
also the orientatio_n of an object. These six Qegrees of tnmed min HX — (RX +t)| 4)
represent translations along three perpendicular axisand Rt
right (along thez-axis), forward and backward (along the
axis), and up and down (along theaxis); along with the
rotations about those three perpendicular a¥s, (R,, and

I. INTRODUCTION

WhgreX andX are3 x n matrices such that thieth column
of X is given by

R.). They may be arranged as a homogeneous transformation X, =RX; +t + E;,
H= <R t> whereX; is the-th column ofX and E; is a noise vector.
0 1 This problem is commonly known as tlasolute orientation

rproblem. One of the issues with this problem is that there are

whereR = R,R,R. represents the orientation of a give . . . .
. T o .~ certain cases where there are many — if not infinite — solation
object andt = (x,y, z)" represents the position of the g|ver1

object. Given two streams of such six degrees of freedom dag Minimization problem (4) [1]. An example of this case is

W%en all the points lie on the same line. This degeneracy

X - [(RO ) (Rit) (oo tnfl)} is not a problem with the 6DOF representation. In Section
0 1/°0v0 1/ R0 1 IV, an example will be presented which compares solutions

X = [(ﬁo?o) (1% i) (ﬁnﬂ Tos )} calculated using the absolute orientation (3DOF) probldjn (
o1/’\o 1)’ ’ 0 1 ’

with the homogeneous problem (6DOF) (1) introduced here.
this paper constructs the best rotatl@nand translatiort that ~ Historically, there are four main approaches to finding
fits the data. In other words, the best homogeneous matgiesed form solutions of the absolute orientation probl&he

H = (B t) that minimizes first method by Arun, Huang, and Blostein [1] is based on

R finding the best orthogonal matrix which fits the set of data

min |HX — X||? (1) and declares that the best rotation. An equivalent methad - b

H Horn, Hilden, and Negahdaripour [2] - looks for the square-

is constructed. root of a symmetric matrix to represent rotation. A problem
The solutionH to minimization problem (1) involves a two with both of these methods is that the matrix that is caleaat

step process: may not necessarily be a rotation (in fact it is a reflection).

Therefore, the results from the algorithm may have to be
disregarded. In contrast, the method that is presenteditere
minHR( Ro to o Rt tuo1)—(Bo To ... Rnr Tuos )||2 guaranteed to be a rotation matrix. The last two approaches —
R @) one by Horn [3] and the other by Walker, Shao, and \olz
[4] — are based on quaternions. Modern extensions of the
Loyola University Maryland, Department of Mathematicali€dces, 4501 conventional four methods have been formulated by Umeyama
N. Charles St., Baltimore, MD, 2121@ri(shah@ oyol a. edu) . [5] and Kanatani [6].

1) Find the rotatiorR that minimizes
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In this paper|| - || denotes the Frobenius norm, so

[A[l =/tr (AAT)

where” denotes the transpose operator. Ang), tienotes the
d,) represents the

matrix trace operation, while diég ...
diagonal matrix with entried; ... d,

Il. SIMPLIFYING ROTATION AND TRANSLATION

So, if Equation (5) is minimized then

minHHx—f(H?

2
= mm ‘R “Rn-1)=(Ro ... Rn_1)
+ Z |Rti+6—7 2
. 2
= mm ‘R “Rn-1)=(Ro ... Rn_1)
n—1

+ 3 |ReE 2 n T

Here, we will outline the methodology that reduces the =0

original system (1) to the two-step process shown in Eqoatio —

(2) and Equation (3). First, observe that

HHX—XW:

H Ro to

= (RRO*RO Rio+t—1o ... RRnflfl/%nfl Rtn—1+t7?n—1)
0 0 0 0

_ HR(RO Ra) (B By

Now, let the centroids for the two data sets be given by

w
Il
S|
(]
=
%
~
3|>—‘
M\

and define

T=t+Rt—t
Then fori=0,...,n—1

o~

t;=t;—t and t; =1 —*t

Therefore,
n—1
> IR+t = 6| =
1=0

n—1
= > IR(t:i— 1)
1=0

—(t; —t) +t + Rt — |2

n—1
= ) |Rt; —t; +T|?
=0
n—1 n
= Rt — ]| + 217 (Z Rt —ti) + T2
1=0 141
n—1
= ) IRt —&[* +n| T
=0

since

~ o~ ~ PN 2
o Rp—1 tn—1 ) — (RO to ... Rp—1 tn—1 )
.. 0 1 01.. 0 1

2
+> IR+t (5)

2

IE(I,?HR( Ro to ... Rn—1 tpn—1 )_(ﬁo /t\() ﬁnfl /t}\n,l)
+nl/T|?

Note for any given rotatioR, we can sefl’ = 0 by allowing
t=t—Rt=T=t+Rt—1=0. (6)

Thus, in order to calculate Equation (1), we first calculBte
that minimizes
2

InlrithR(Ro to ... Rn—1 thoa ) - (ﬁo To oo Rt s )‘ ,
then we set
t=1t— Rt.
A. Finding R

In the previous section, we found that finding the best fitting
homogeneous transformation matrix is dependent on finding
the best rotation that minimizes Equation (2):

min|[R (Ro to - Ruos tur) = (Bo o o B 8|

For simplicity, this problem will be reformulated to

min||RX - X||* 7)
where
X = (Roto..Rn-1tn_1)
X = (Ro%o . Buius)-
However,

IRX — X||* = ||X||” — 2tr(RXXT) + ||X||*

Therefore, theR that solves the minimization problem (7) is
equivalent to the rotation matriR that solves

max tr(RXXT) (8)

There is a plethora of research on finding the best rotation
matrix R. Most of these methods are based on finding the
best orthogonal matrix that fits the data. In most applicegio
this method works. However, there can be instances where the
best orthogonal matrix that is produced could have detexntin
—1, meaning that the best orthogonal matrix is not a rotation
but actually a reflection. In this section, we will describe a
method for calculating the best rotational approximatiorat



M. I. SHAH

set of data that is guaranteed to have determinant 1. This wor  and
is equivalent to Umeyama’s work [5]. - - Ty _
In order to construct the best rotation, the following Lemma D= {d?ag(l, L1) ?f det(VUT) L .
will be of importance. diag(l, 1, ~1) if det(VU") = —1
Lemma 2.1: For a given3 x 3 matrix M and rotationR 2) Setting
tr(RM) < tr(D), ©) t=1-RL
where 1. ERRORMETRICS
diag1,1,1)  if det(VUT) =1, For many applications, it is beneficial to understand how
D = diag1,1,—1) if det(VUT) = —1 well the homogeneous matrid fits the orientation of the
T 6DOF data independently of the position of the 6DOF data.
and the full singular value decomposition (SVD) of Therefore, a description of separating the orientatiommfthe
M = USVT positions in minimization problem (1), i.e.

Proof: First notice that
tr(RM) = tr(RULVT) = tr(R(UDVT)DY),
I and t{AB) =

since D? = tr(BA) for matrices A

and B of appropriate degree. Bl = R(UDVT) is an
orthogonal matrix with determinant 1 and hence a rotation

matrix. Therefore,
tr(RM) = tr(RDY) < tr(DY)

[ ]
Moreover, if a rotationR can be constructed such that

tr(RXXT) = tr(DY),

then the minimization problem (7) is solved.

min |[HX — X ||
H

is provided in this section. This separation leads direttiha
formalization of an error metric.
From Equation (5),

IHX - X|? =

2
~ ~ y—1 ~
R(Ro . Ru-1)=(Ro ... Ru_1)|| +2.y IRE+t—5]

n—1 n—1
SRR~ R+ YRt ¢
i=0 =0

Therefore, we have a separation of the orientations from the
positions. Moreover, once thR andt of the homogeneous
matrix H are calculated from the procedure outlined in Section
II, a means to find how welR andt fit the data can be

Theorem 2.2: The solution to the maximization problem (8)constructed. Notice that for the orientation

is
R = VDU’
where the full SVD of the8 x 3 matrix
xXT = UuxvT
and
D— diag1,1,1)  if det(VUT) =1,
~ \diag(1,1,—1) if det(VUT) = —1

IRE — Ri||* = [RRiJ? -2t (RRRT) + | Rl
6 —2(1+2cosf)
< 8.

since||R||? = 3 and t{ R) = 1+2 cos @ for any rotation matrix
R with eigenvalueq1, cosf +isin}. Therefore, if the angle
0 between the column space BfR; and R; is approximately

Proof: From Lemma 2.1, the maximization problem (gfdual to 0, thers — 2(1 + 2cos¢) ~ 6 — 2(3) = 0, whereas
is solved if a rotation matrixR can be constructed such thatlf the angled ~ = then6 — 2(1 + 2cos) ~ 6 — 2(-1) = 8.

tr(RXXT) = tr(DX).

Let
R = VDU".

Then
tr(RXX") = tr((VDUT][ULVT]) = tr(DY).

n
Therefore, the optimal homogeneous maffix= (%)
may be constructed by

1) Setting
R = VDU7,

where the SVD of
xXT = unv?

Therefore, a metric opercentage of accuracy to evaluate the
orientation for a given homogeneous mafiix(hence rotation
R and translatiort) can be calculated as

1 Sk
0<1-g|RR - Rl < 1.

A metric for the positions can be calculated in a similar
way. In this case, we are interested in norm

||Rtl +t —EHQ.

In other words, we want to see how close the ve®oy + t
is to ¢, for a given rotationR and translatiort. In order to
construct a metric opercentage of accuracy for this data, we
consider the dot product of the normalized vectors, i.e.

tT(Rt; + t)

0< |-+
[E:)[[[Re: + ¢
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Rotation

orientation) and 6DOF (work presented here) using Matlab 7
on a Mac 2.16 GHz Intel Core 2 Duo machine. In Figure 1, the
data stream consisted of data collected from a linear motion
As suggested in [1], infinite solutions exist for the solatio
of the 3DOF problem. In contrast, the 6DOF problem creates
077 1000 5000 3000 2000 a unique solution with very high accuracy. The percentage
Index of accuracy of the rotations with respect to 6DOF is nearly
Translation 100% while for 3DOF it hovers around5%. With regards
16" > W | to the translations, the two procedures are nearly iddntica
both having very high accuracy. This is a result of the fact
that both methods involve the terfi = t + Rt — ¢ which
can be arbitrarily set to O given any rotati&. In addition,
1.60.06 the translational error is at most 10 mm, which is a 2 digit
0 1000 2000 3000 4000 reduction in size compared to the data which is in the 2000-
Index 3000 mm range. This reduction acknowledges a close fit of the
Translation translation results. It should be noted that the 3DOF smtuti

101 ’ presented in Figure 1 is the solution that Matlab 7 produced
SDOF which is a result of slight noise in the collection of data.

% Accuracy

% Accuracy

o

Errorin mm

V. CONCLUSION

°; 1000 2000 3000 2000 In this paper, we constructed the best homogeneous matrix
Index H to fit two streams of 6DOF data. In other words, we found
the best rotationR and translationt that would transform
Fig. 1. 3DOF verses 8DOF on a linear dataset. the coordinate system of the first data stream to the second.
We tested the algorithm on two data streams that modeled

linear motion. We found that the algorithm constructed in

In other words, if the angle between the vectors is 0 we hattis paper (6DOF) has a unique solution as opposed to the

100% accuracy. A point of concern with this method is thatonventional absolution orientation (3DOF) model. In &iddi
the magnitude of the vectors are not taken into consideratiehe percentage of accuracy is higher for the 6DOF algorithm
Therefore, this metric may exhibit00% accuracy while the when compared to the conventional 3DOF algorithm.
vectors are not exactly equal. Hence, one may want to compare
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