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Abstract

This paper introduces and analyzes two models coupling of incompressible Navier-Stokes equations
with the porous media flow equations. A numerical method that uses continuous finite elements in the
incompressible flow region and discontinuous finite elements in the porous medium, is proposed. Existence
and uniqueness results under small data condition of the numerical solution are proved. Optimal a priori
error estimates are derived. Numerical examples comparing the two models are provided.

1 Introduction

There is an increasing interest in coupling incompressible flow and porous media flow. Applications of such
complex phenomena can be found in geosciences (modeling of the interaction of rivers with groundwater)
and in health sciences (modeling of blood flow and organs). In this work, we consider the coupling of the
nonlinear Navier-Stokes equations with the Darcy equations. Non-homogeneous boundary conditions are
imposed on the boundary of the porous medium. This generalizes the weak problem defined in [16] where
homogeneous boundary conditions were assumed. We also propose a numerical scheme that couples the
continuous finite element method with the Discontinuous Galerkin (DG) method. Because of legacy codes,
multinumerics approaches are attractive. In addition, one can take advantage of the benefits of the different
methods used in the subdomains. On one hand, classical finite elements are popular for computational fluid
dynamics. On the other hand, the advantages of DG methods include the flexible use of mesh adaptivity and
high order of approximation. The DG methods we consider here are called primal DG methods and they
are variations of interior penalty methods. These methods encompass the non-symmetric interior penalty
Galerkin method (NIPG) [25, 26, 20], the incomplete interior penalty Galerkin method (IIPG) [9] and the
symmetric interior penalty Galerkin method (SIPG) [29, 2]. In [16], the coupled problem is approximated
by totally discontinuous elements. In [10, 4], the coupling of Navier-Stokes with Darcy with homogeneous
boundary conditions has been analyzed by using Steklov-Poincaré operators and by using continuous finite
elements in a Robin-Robin domain decomposition approach.

Let Q be a bounded domain in R?, that is subdivided into two disjoint subdomains ; and Q». Let I'io
denote the interface between the subdomains: I'jg = 991 N 9Qy. We assume that I'1o is a polygonal line.
The flow in €2 is incompressible and characterized by the Navier-Stokes equations:

-V (2,U,D(U1) — p1I) + up - Vu1 = fl, in Ql, (1)
V- uy = 01 in Qla (2)
U, = O, on an\Flg = Fl. (3)
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The fluid velocity and pressure in {); are denoted by w; and p; respectively. The coefficient p > 0 is the fluid
viscosity, the function f; is an external force acting on the fluid, I is the identity matrix and the matrix
D(u;) is the stress tensor:

D(wy) = %(vm + V). (1)

The flow in Q9 is of Darcy type. We assume that the boundary I's = 99 \ I'12 is the union of two disjoint
sets I'sp and T'ex on which Dirichlet and Neumann boundary conditions are imposed.

—V-KVpy = [, in s, (5)
—KVps = 1wy, in Q, (6)

p2 = gp, onI'p, (7)
KVps-nyg = g¢gn, on I'an. (8)

Similarly, the fluid velocity and pressure in (25 are denoted by us and ps respectively. The function f; is an
external force acting on the fluid, the functions gp and gy are the prescribed value and flux respectively, the
vector mo denotes the unit vector normal to I's and the coefficient K is a symmetric positive definite matrix
uniformly bounded above and below. There exist constants Apin, > 0 and Apax > 0 such that:

ae. € Qo, ApinT - < K- < A\pax® - . (9)

The system of equations (1)-(8) is completed by interface conditions. There is no consensus in the scientific
communities on the choice of these interface conditions, even for the linearized case of Stokes coupled with
Darcy. We first propose to impose the the continuity of the normal component of velocity (10) and the
Beaver-Joseph-Saffman [5, 28, 21] law (11) across the interface. Let mi2 be the unit normal vector to I'y2
directed from € to Q9 and let 712 be the unit tangent vector on I'ys.

u -2 = —KVpy-no, (10)
u -T2 = —2uG(D(u1)ni2) - T1o. (11)

Finally, we write the balance of forces across the interface in two different ways:
(A) including inertial forces

1
((=2uD(u1) + prIl)niz) - M2 + 5(“1 “uy) = pa, (12)
(B) without inertial forces
((—2uD(uy) + p1l)ni2) - ni2 = po, (13)

Condition (12) arises naturally from the momentum equation written in divergence form. Even though we are
not using the divergence form of the momentum equation, we consider this condition as it is mathematically
well-suited. With (12) we can prove an unconditional existence of a weak solution.

Condition (13) is the usual condition employed in the linear case of Stokes coupled with Darcy (see for
instance [12, 11, 22, 27, 23, 24, 13, 18, 6]). One may argue that this condition is more physical. However,
condition (13) requires additional assumptions on the data to prove existence of the solutions, and uniqueness
can only be obtained locally.

The objective of the paper is to shed more light on the resulting two problems. One problem employs
an interface condition that is less physical but more mathematical whereas the other problem employs an
interface condition that is less mathematical but more physical. In this work we point out the differences in
the mathematical analysis and we provide some numerical comparisons.

The rest of the paper is as follows. Existence and uniqueness of weak solutions are obtained in Section 2.
A multinumerics approach is proposed in Section 3. Theoretical error estimates are derived in Section 4.
Conclusions are given in the last section.



2 Variational Formulation

Let H*(O) be the usual Sobolev space of order s (see [1]) with norm || - || g=(0y. We first lift the Dirichlet
boundary condition (7). If gp € Hééz(I‘QD), there exists a function pp € H* () satisfying:

Pp = gp, on I'ap, (14)
PD = 0, on Flg, (15)
|lppllH1(02) < Collgpla1/2(gp), (16)

where C is a constant that only depends on (3. We now define the standard Sobolev spaces:
X, ={v, € (H*())*: v =00nT4},
My = L*(),
My = {gs € H' () : g =0 on I'yp}.
We propose the following variational formulations:

Find w; € Xi,p1 € My, p2 = 2 + pp, with 3 € My, s.t.
Vv, € Xl,VQQ € Ms, 2/1,(D(U1),D(111))Q1 + (Ul -Vuy, Ul)Ql — (pl,V . Ul)Ql

1 1
(Wa) +(<P2 —SUL U, Uy le)F + —(u1 "T12, V1 'le)rlz - (ul : n12,LI2)F12 + (KV<P27VC]2)Q2

12

= (flangl =+ (f?qu)QQ - (KvavaQ)Qz =+ (ngqQ)Fsz
vql S M17 (v : Ulan)Ql =0.

Find w; € X1,p1 € Mi,ps = @2 + pp, with py € M, s.t.
Vv, € Xl,VL]Q S MQ, 2,LL(D('U,1), D(vl))Ql —+ ('u,1 . V'u,l, 1)1)91 — (pl,v . 1)1)91
1
(Wg) ¢ +(p2,v1 - n12)rl2 + = (w1 - T12, 01 -7'12)F12 — (u - n127Q2)F12 + (KVp2,Va2)a,

= (flvvl)ﬂl + (f2a612§92 - (KVpvaq2)Qz + (ngqQ)
Vg € My, (V-ui,q1)o, =0.

Tan’

1
Problems (W4) and (Wp) are very similar as they differ only by one term, namely (§u1 cup, v n12)F12

arising from condition (12). We have used the notation (-,-)o for the L? inner-product on a region O. We
recall the usual Cauchy-Schwarz and Young’s inequalities:

Yo,w € L*(0), |(v,w)ol < [[v]lL2(0)llwllL2(0), (17)
) 1
Va,b € R,Y6 >0, ab< §a2 + 2—5b2. (18)

We also recall Poincaré and Korn’s inequalities and trace and Sobolev inequalities: there exist constants P,
C1, Cy, C4 and Py, that only depend on €2y, and Po, C3 that only depend on 5, such that for all v € X1,

[vll200) < PillVYllzz@,),  vllan) < PallVollzza,), (19)
[Vollz2(a,) < C1IDW)|2(0) (20)
[vll2rz) < C2llVollL2iay),  1vllzar) < Call Vol (21)
and for all ¢ € My,
lallL2(@z) < P2lIVall L2y, (22)
lgllz2ran) < C3lVallL2(0,); (23)
moreover, owing to (9), for all ¢ € H(Q2):
1 1
THKWV(JHB(QQ) < Vallz2@,) < = K2Vl 120 - (24)

We first show that variational formulations and corresponding model problems are equivalent.



Lemma 1. If (uy,p1,p2) € X1 x My x H* () satisfies (1)-(12), then it is also a solution to problem (W 4).
If (w1, p1,p2) € X1 x My x HY(Qs) satisfies (1)-(11) and (18), then it is also a solution to problem (Wg).
The converse of both statements is also true.

Proof. We first consider the problem (1)-(12) with solution (w1, p1,p2) € X1 x My x H*(Qs). Multiply (1),
(2) and (5) by test functions v € X1,q1 € M; and ¢go € M respectively and use Green’s theorem and
boundary conditions:

2,LL(D(’U,1), D(vl))Ql - (pl, V- vl)Q1 + (U1 -Vuy, vl)Ql

+((—2/LD(U1) +p1I)n127 vl)F12 = (flavl)ﬂu (25)
(v U, (]1)91 = 01 (26)
(KVp2,Vga)a, + (KVps - ni2,q2)r,, = (f2,62)0, + (98, ¢2)ron - (27)

Rewriting v; = (v1 - n12)n12 + (V1 - T12)T12, adding (25) and (27) and using the interface conditions, we
obtain:

1
2u(D(u1), D(v1))a, — (p1,V - v1), + (w1 - Vui, v1)e, + (KVp2, Vg2)a, + (p2 — UL UL, L M2)p

,D(
1
+E(u1 *T12,V1 le)f‘lz - ('Ufl ' n12,92)1~12 = (flvv)fh + (fQ)QQ)QQ + (gN)q2)F2N)
(V-u1,q1)0, =0.

We now define p2 = ps — pp and remark that the trace ps = @9 on I'1a due to (15). We obtain the resulting
equations:

1
2,LL(D(’U,1), D(vl))Ql - (p1, V- '1)1)91 + (u’l ) vulvvl)Ql + (KV(,OQ, VQQ)Q2 + (@2 - 5'“'1 s Uy, Uy - n12)F12

1
+5(u1 *T12,01 T12)F12 - (ul - N2, q2)F12 = (fla vl)Q1 + (an QQ)QQ + (gNa qQ)FQN - (Kvav vQQ)Qz)
(v Uy, (]1)91 = 01
which correspond to problem (W,). Conversely, assume that (w1, p1,p2) is a solution to (Wa4). By choosing
appropriate test functions, we recover the equations (1), (2) and (5) in a distributional sense. First, take

v1 € D(1), 1 = g2 = 0. We recall that for any domain O, the space D(O) is the space of C* functions
with compact support in O (see [1]). We obtain in the sense of distributions:

=V @2uD(w) = p1I) + ur - Vur = f. (28)
Second, take ¢; € D(), v1 =0, g2 = 0:
V.-u =0. (29)
Third, take g2 € D(Q2), v1 =0, ¢1 = 0:
=V - KV(p2 +pp) = fa. (30)

Next, multiply (28), (30) by functions v; € X7 and g2 € M> respectively, use Green’s theorem, add the two
equations and compare with (W4):

1 1
(2 — §(u1 “u1),v1 - Ma2)ry, — (U1 M2, G2)ry, + 5(u1 “T12,V1 T12)Ty, — (9N, @2)Tax
= ((_QIU’D(ul) +p11)n12a 'Ul)F12 + (Kva * N2, q2)F12 - (Kvp? ‘N, q2)F2N' (31)

By choosing v1 = 0 and either ga|r,, = 0 or g2|r,, = 0, we recover the Neumann boundary condition (8)
and the interface condition (10). Next, by choosing g2 = 0 and v; = v1m12 where v; is a smooth function



defined on each curvilinear segment of I'15 and vanishing in a neighborhood of 9Q; \ I'12, we recover the
interface condition (12) by noting that ps = w2 on I'12 due to (15). Finally, choosing g2 = 0 and v1 = v1712
where v7 is a smooth function defined on each curvilinear segment of I'15 and vanishing in a neighborhood of
01 \ T'12, we recover the interface condition (11). The equivalence of problem (W) and (1)-(11) with (13)
is obtained in a very similar fashion. O

We now prove existence and uniqueness of the weak solutions of (W4) and (Wg). For this, we restrict the
test functions vy to the subspace of divergence free functions:

V1={’U1€X1, V-’Ulz()}.
The variational formulations then become:

Find u; € Vi,p2 = @2 + pp, with o € My, s.t.
1
Vvl € V1,Vg € Ma, 2u(D(u1), D(Ul))gl + (w1 - Vu, Ul)Ql + (2 — SUL UL, 7112)F12

(Wa)
(wi-Ti2,00 Ti2)p ) — (w1 mazo@2)p + (EV2, Vao)o,
—%fl, v)g, + (f2,02)q, — (KVPD, Va2), + (95, ¢2)p_ -
Find w; € Vi,p2 = 2 + pp, with @2 € My, s.t.
B v’Ul S Vl,VQQ S MQ, ZN(D(’U,l), D(’Ul))Ql + ('Uq . V’U,l, 1)1)91 + ((pg, vy - 'I’ng)r12
(Wg)

Ti2, 01 Ti2)p — (Wi - mi2,¢2) .+ (KVp2,Vap)o,
_?fbvl Ql (anQQ) (KVpDavq2)92 + (ngqQ)

For o = A, B, problems (W,) and (W,) are equivalent in the sense that if (w1, p1,p2) is a solution to (Wy)
then clearly (w1, ps) is also a solution to (W,). Conversely, if (w1, ps) is a solution to (W, ), there is a unique
p1 € M; such that (uq,p1,p2) is a solution to (W, ). This result is a consequence of the following inf-sup
condition proved in [16].

Fon”

inf sup [(V-v1,q1)0,|
WEM (o, )Xo x Mz (IVVLl720,) + V@272, 2 llarllz2 01

> (3> 0.

Therefore, we now focus on the existence and uniqueness of solution to (WA) and to (WB). The proofs are
similar to the ones obtained for the homogeneous problem analyzed in [16]. We give them for completeness.

2.1 Existence of solution to problem (W,) and problem (W)

We use the technique of the Galerkin method. Since the spaces V'1 and Ms are separable, let {(wm, tm) tm>1
be a sequence of smooth functions that form a basis of Y = V1 x Ms. Consider the finite dimensional space
Y., = span{(w;, ;) : 1 <i < m} equipped with the inner-product:

((v,9), (w, 1))y =2u(D(v), D(w))q, + (KVq, Vt)a,
We restrict problem (WA) to Y}, and obtain a finite dimensional problem:

Find (wm, om) € Yy, s.t.

1
W) Vl <i<m, 2,u(D(um), D(wi))Ql + (um Vi, wz) + (gom — §um Uy, W n12)F12
Am
“T12, Wi 7’12)F12 — (up - n127t1)F12 + (KVom, Vi),

-%a,wl T (forts) gy — (KVpp, Vti) g, + (950t



We then define a continuous mapping U4, : Yy, — Yoy

(Pa,m(v,q), (w,t))y = 2u(D(v), D(w))Ql + (v- Vo, w) + (¢ - ;v- v, W - nlg)F12 + é( i

—(v-mat). 4+ (KVq, Vt)a, — (frw)g — (fo,t)g, + (KVPD, V) — (981)p, -

V- Ti2, W T12)

Clearly a zero of W 4 ., is a solution to problem (VNVA,m). We will apply a corollary of Brouwer’s fixed point
theorem to conclude that there is at least one zero of W4 ., in a certain ball centered at the origin. For
completeness, the result is recalled below [15].

Lemma 2. Let H be a finite dimensional Hilbert space with inner-product (-,-)g and norm || - ||g. Let F be
a continuous mapping from H into H. Assume there is a constant R such that

Yo € H with ||[v]|lg =R, (F(v),v)g > 0.
Then, there exists an element vg € H such that

F(wo) =0, |lvolla <R.

Therefore, we evaluate

1 1
(\IJAJn(va Q)v (’07 Q))Y = 2/1,(D(U)7 D(’U))Ql + (U' Vo, U)Ql + (q - 51}' v, nl?)F12 + a(v T12,V: T12)F12

—('l)' n12,Q)F12 + (KVQ7VQ)QQ - (fl) v)Ql - ('fQ’q)Qz + (Kvaan)QQ - (gN7Q)F2N'
We remark that for v € V;

1 1 1
(D.Vuv)gl:—§(V.v,v~v)ﬂl+§(v-n1,v-v)(,ml 5(1} n,uv: v)aﬁh (32)
Therefore,
1
(U- V’U, ’U)Ql + (q — 5’0- v, V- n12)F12 — (1}- n12’q)F12 = 07
because v =0 on I';. We are left with
1
(Yam(v,0),(v.q)y = 2u|D(v)]72q,) + 5””' T12) 22y + ||K1/2VQ||%2(92)
—(fi,v)q, = (f2.0)g, + (KVPD,Va)o — (95.9) - (33)
We now bound the terms in the second line of (33). Using (17), (19), (20) and (18), we obtain
[(f1:0) o, | < fillzz@n vl 20y < PiCLIDW)] 20 fill2 ()
iz PiC?
< §||D(v)||%2(91) +— 1 ! ||f1||L2(Ql) (34)
Similarly, using (17), (22), (24) and (18), we have
|(f2, )Qz| < _||K1/2Vq||L2(Q2) + P2||f2||L2(Q2) (35)
Using the bounds (16), (17) and (24), we have
1
[(KVpp, Va)q, | < Z||Kl/2VQ||%2(QQ) + O3 Amaxl 190 F1/2 (00 (36)



Finally, using (17), (23), (24) and (18), we obtain

(9500) | < FIE V02200, + AingNH%z@gN)- (37)
Therefore
(Va0 (0:0)y 2 T (21PN + 1K Tul0 ) — (BRI + Sl el
sl + o )
50(¥ 4,m(v,9), (v,9)) > 0 provided [[(v,q)[ly = (v, ), (v,q));/* = Ro with
Ro = 2(P101 A0 T | 772 ||f2||L2 (@) + CoAmax| |90 F1/2 () + %||QN||%2(F2N)>1/2. (38)

Therefore, for any m, there is a solution (w,,, @) of problem (W ,) satisfying:

[t m)[ly < Ro.

We have thus constructed a bounded sequence in the Hilbert space V1 x Ms. Therefore, there exists a
subsequence, still denoted by {(®m, ©m)}m, that converges weakly to an element (u, ) € V1 x Ms. Using a
standard argument and Sobolev imbeddings, we can pass to the limit in the equation of problem (WAM) as
m tends to infinity. Denoting p = ¢ + pp, we then obtain that (u,p) is a solution to problem (WA). Using
the same argument as above, we can show that any solution (u, @) to problem (W) is bounded:

20| D(w) 720,y + 1K 2 V| 720, < RE. (39)
This yields the bound:
2u)| D(u)|[72(0,) + ||K1/2Vp||2L2(QQ) <R%, (40)
where
R = RE + 2| K"/*Vpp|[32(0,)- (41)

To summarize, we have proved the following lemma.

Lemma 3. There is a solution to problem (W) satisfying (39).

Next, we show existence of a solution to (WB) under a small data condition.

Lemma 4. Let Ry defined by (38). Assume that

2u°

RZ <« 2.
< i

(42)
Then, there exists a solution to problem (Wg) satisfying (39).

Proof. As in the proof above, we define a sequence of finite-dimensional problems (Wpg ,,) whose solutions
converge to a solution to (Wp).

Find (um, ©m) € Y s.t.

vl < i <m, 2u(D(up), D(w;)) g + (wn - Vg, wi) g+ (9m, w; - 2) 1
Wgm
(Wa.m) (U - T12, w; - 7'12)F L (wm s t) 4 (KVom, Vii)a,

_?fl, 'wl fg, ) (KVpD,Vti)Q2 + (gN,ti)FQN-



This yields the following continuous mapping Vg, : Y, — Y-

(YB,m(v,9), (w, 1)y = 2u(D(v), D('w))Ql + (v- Vo, w)Q1 + (¢, w- n12)F12 T é(v Ti2, - T12),

—(’U' n127t)F12 + (qua Vt)Qz - (fla w)Ql - (f?at)QQ + (KVpD7Vt)Q2 - (gNat)

As above, we evaluate (Vg m(v,q), (v,q))y and use (34), (35), (36), (37) as well as the bound:

12

Ton”

(v-Vv,v)q, < 0137342HD('U)||?£2(91)-

A simple calculation shows that if

D) a0, < s (13)
174
then, using (38) we have
(sm(0.0), (0. 0y > 5 (I(0,0) [}~ R3).
Therefore, if the following condition holds ,
RS < tpr (44)

there is a ball of radius Ry on which (\I/B,m(v, q),(v,q))y > 0. We thus obtain a solution (w,, @) of
problem (Wpg ), that lies inside this ball and we obtain a solution to problem (W) by passing to the limit.
This solution also satisfies the bound (39). O

2.2 Uniqueness of solution to problem (1/,) and problem (W3)

Lemma 5. Assume that the data satisfies:

16° 2P2C2 apz
e e R R G wa L ZTCS

2 2 AC3 2
+4CO/\max||gD||H1/2(p2D) + P ||gN||L2(F2N)'
Then problem (Wa) has a unique weak solution.

Proof. Assume that (u!,p}) and (u?, p?) are two solutions of problem (Wy4). Their difference, say (w1, 2o),
belongs to the space V1 x Ms and satisfies:

V(v1,q2) € Vi x Mo, 2u(D(w1), D(v1))a, + (KVz, Vaga)a, + (w1 - Vul,vi)a, + (u] - Vwy,vi)a,
1

1
+5(’w1 “T12,V1 - T12)ry, + (22 — 5(’1111 cul), v na2)r, — (W1 N2, g2)r, — §(U% ~wi,v1 - Ni2)ry, =0.

By choosing (v1, ¢2) = (w1, 22) € V1 x Ms and applying Green’s formula and the boundary condition on the
functions of X1, this equation becomes

1
20| D (w1)[|72 (0, ) + ||K1/2VZ2H%2(QQ) + 5”“’1 T2l e, (45)
5

1
+ (w1 - Vug, wi)o, + 5((“’1 cwi,ul M)y, — (Wi (u] + ul), w; - nm)m) =0.

Applying (19) and (20), the first non-linear term in the second line of (45) is bounded above by

1
w1210 Vil L2, < CfpfﬁHD(wl)H%z(Ql) (VEID(up)ll L2 (01)) -



Similarly, applying formulas (19)—(21), the second term in the second line of (45) is bounded above by

1
§||’w1||2L4(r12) (H“%Hm(rlz) + 2”“’%”L2(F12))
1

1
< §Cic2cfﬁ||17(’w1)||i2(ﬂl) (VEID ()| 22(,) + 2v/ElD(ud) [ 12(0)) -

Hence, using the a priori estimate (39), the second line in (45) is bounded above by

C3 3
I (P2 jeiC) Rl g -
Thus if 3
(2p)*? > C} (7’3 + 50502) Ro
then (w1, z2) = (0,0). )

We cannot show that any solution to problem (Wpg) is bounded. Therefore, we can only prove uniqueness of
the solution inside a certain ball.

Lemma 6. Assume that the data satisfies (42), namely:

243 2P3C?
CYP{ [

f 2 4P22 2 4O2A 2 4032 2
I 1||L2(Ql)+—)\ =l f2llz2(q,) +4Co max||9D||H1/2(F2D)+)\__ HgN 1172 (ran)-

Then problem (WB) has at most one weak solution satisfying

Ro

[D(w)|z2(0,) < —=-
(1) V2h

Proof. The proof is similar to the proof of uniqueness for the solution to (W4) if we assume that the solution

is bounded. O

A straightforward consequence due to Lemma 1 is the existence and uniqueness of a solution to problem (W 4)
and the existence and local uniqueness to problem (Wg). In the next section, we propose a numerical scheme
for solving the multiphysics problem that employs the continuous finite element method for the Navier-Stokes
region with the discontinuous Galerkin method for the Darcy region.

3 A Multinumerics Scheme

Let £} be a conforming triangulation of 2; and let £ be a general subdivision of Q5 consisting of triangular
elements. The mesh £} may contain hanging nodes. As usual, the parameter i denotes the maximum
diameter of the elements. We assume that the resulting mesh £" = £ U &} is regular [7]. In addition, we
assume that the vertices of the polygonal line I'j5 are vertices in the mesh £". However, the meshes £J' and
&L do not have to match on the interface T'12. In our numerical scheme, we propose to approximate the
Navier-Stokes velocity and pressure in conforming finite element spaces X ’f C X, and M} C M; satisfying
the discrete inf-sup condition with 3, independent of h:

: |(v'1717Q1)Ql|
inf  sup
QEM 4 e X IVorll2nlla ]l 22y

> B, > 0. (46)



Examples of such conforming finite elements are the Crouzeix-Raviart elements [8], the mini elements [3] and
the Taylor-Hood elements [19]. We also propose to approximate the Darcy pressure in totally discontinuous
finite element spaces. In order to define the discontinuous Galerkin method, we introduce further notation.
We denote by I'} the set of interior edges in €,. To each edge e of £} we associate once and for all a unit
normal vector n.. For e € T'15, we set n, = nio, i.e. n. is the exterior normal to Q. If n. points from the
element E' to the element E?, the jump [] and average {} of a function ¢ are given by:

1 1
o] = ¢ler —ele=, {e} = 5¢ler + 50lee.
For an integer k3 > 1, we define

MY ={g € L*(Q); 2lr,, =0 and VE €&, ol € Py, (E)},

equipped with the usual DG norm:

1/2
1
> KTl age + 3 il ) (47)

Ec&l ecl?

Vaz € MY, llgall =(

Lemma 7. Assume that pp € H*11(Qy) is the lift defined in (14)-(16). Then, there exists Pp € ML and
a constant C' independent of h satisfying:

PD = O, on Flz, (48)

llpp — Polll < CR* [ppl gra+1(ay)- (49)

In the rest of the text, we denote by C a generic constant independent of h and u, that takes different values
at different places. Next, we define several bilinear forms: ans, bns, cNg are the discretizations of the viscous
term, pressure term and nonlinear term respectively in the Navier-Stokes equations; ap is the discretization
of the diffusion term in the Darcy equations; and ~,, @ = A, B, is the form containing terms related to the
interface I'q2.

vvl’ wy € X;.la CLNS('Ul, ’11)1) = zﬂ(D(vl)aD(wl))Qu
Yo, € X}V € MY, bas(vi,q1) = —(q1, V- v1)a,

1 1 1
Yz, v, w € X, exs(z, v, wi) = §(Z1 Vo, wr)o, — §(Z1 -V, v1)a, + §(Z1 M2, V1 WL)Ty,,
Vg, bty € My, ap(ga,t2) = Y (KVaa, Vi), — Y ({KVaa - ne}ta]),
Eegh eel}
o
+e Y (V- ne)(a2]), + > ﬁ([qQ],[tQ])e
eng‘ eng‘
1
Vo, wi € X1, Vaa, ta € MY, (v, g2 w1, t0) = (g2, w1 - ”12)r12 + E('vl T2, Wi - le)Fu — (v n12,t2)F12,
1
Yo, wi € X7, Vao,ta € MY, ya(v1,qo;wi,t2) = vp(v1, gos w1, t2) — 5(01 v, W n12)r~12~
In the definition of ap the parameter € yields a symmetric bilinear form if ¢ = —1 and a non-symmetric

bilinear form if € = 0 or ¢ = 1. The parameter o, is a penalty parameter that varies with respect to the edge
in £8. We recall that ap is coercive and corresponds to the NIPG (e = 1), SIPG (¢ = —1) or IIPG (e = 0)
methods [29, 17, 9]. There exists a constant £ > 0 independent of h such that:

Va2 € My, kllla2]l” < ap(gz, a2)- (50)
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It has been shown that if e € {—1,0}, property (50) is valid if the penalty parameter is large enough. From
[14], the lower bound for the penalty parameter is:

2

3
Ve =0E!NOE?, o.> rmkg(kg + 1)(cot O + cot f2),

min

where fg: denotes the smallest angle in the triangle Ef. We also define the form L:

Vv € Xflla qu € M2ha L(Ulan) = (fla vl)Ql + (anQ2)92 + (9N7QQ)
- Z (KVpp,Va2)E + Z ({KVpp - ne}, [g2])e.

Ton

Eec&r ecl'?

We can now introduce the numerical solutions to problem (W4) and to problem (Wpg):

(Wh)

(W)

Find U, € X!, P, € M}, P, = ® + Pp, with &5 € M}, s.t.

Vv, € X}ll,VL]z c Mzh, aNS(Ul,vl) + bNS('Ul,Pl) —|—CN5(U1; Uy, 1)1)
+ap (P2, q2) + 74 (U1, P2;v1,q2) = L(v1, ¢2),

Vg1 € M{, bns(Uy, 1) =0.

Find U, € X}, P, € M}, P, = &3 + Pp, with &, € M}, s.t.

Vo, € X7,Yge € MY, ans(U1,v1) + bus(vi, Py) + ens (Us; Ur, o)
+ap(P2,q2) +vB(U1, P25v1,q2) = L(v1,q2),

Vg1 € M, bns(Ur,q1) = 0.

We end this section by giving important properties of the discrete spaces and the continuity property of the

bilinear form cys.

Approzimation properties. Assume that (v1,p1,p2) € X1 X My x M; is smooth enough, i.e. vy € HFH1(Q),
p1 € H*(Q) and py € H*>11(Qy) for integers ki, k. Then, there exists an approximation (91,51, 52) €
X" % M] x M such that

IV(v1 = 91)llL20,) < O™ ||| gras1qy),
Vg e MY, (V- (v1—01),q1)a, =0,
Ip1 = Bl 2@,y < CRE 1]l oy)s
i=0,1, [[V(p2—p2)llr2(0.) < CR= T Ipoll rrarqy,)-

It is easy to check that (54) implies

llp2 — Pall| < Ch*2||pal| grra1 ()

L? bound. There exists a constant Cs > 0 independent of A such that

Var € M3, laz2llr2cas) < Cslllglll-

Trace theorem. There exists a constant Cg > 0 independent of A such that

The proof of (56) is given in Lemma 6.2 of [17] and the proof of (57) is given in Theorem 4.4 of [16].

Va2 € M3, lgzllraria) < Ceolllgalll-

next show that the form cyg is continuous.

Lemma 8. There exists a constant C; such that

Vzi,v1, w1 € X1, ens(z1;vi, wi) < C7||D(21) | 2o [ D(v1) | 2 o) [ D(w1) [ 2 (0,)-

An expression for the constant C7 is

1
Cr = C3(P? + 5cgcj).

11
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Proof. Using (17), we have

1 1 1
ens (21501, wy) 5(21 -V, wi)g, — 5(21 -Vwi, v1)q, + 5(21 Mg, V1 - W)y,

IN

1
“NzllLan (VoL L2 llwi ] La@yy + IVwi L2l vl Laan))
2
1
+§||Zl||L2(F12)||v1||L4(F12)||w1||L4(F12)'

Using (19), (21) and (20) we have

1
ens(z13 v, wp) < (Pf+50202)||V21HL2(91)HVUlHLz(Ql)||Vw1|\L2(Ql)

IN

1
CY(P; + §Cch)||D(zl)||L2(Ql)HD(vl)Hm(Ql)||D(’w1)||L2(Ql)-

3.1 Consistency

Lemma 9. Let (u1,p1,p2) be the solution to (1)-(12) that is smooth enough. Define o = py — pp. Then,
we have for all vy € X% gy € ME g1 € M}

axs (w1, v1) + bns (v, p1) + exs (ur;ur, vi) 4 ap (92, g2) + va(u, @2;v1, ¢2) = L(v1, ¢2), (59)
bs(u1,q1) = 0. (60)

Proof. Equation (60) is simply obtained by multiplying (2) by ¢; € M} and integrating over ;. Next, we
multiply (1) by a test function v; € X ?, integrate over 2; and use Green’s theorem. The resulting equation
is exactly (25). Finally, we multiply (5) by a test function ¢z € M2J, integrate over one element E, apply
Green’s theorem and sum over all elements in £2.

Z (KVp2, Va2 )E — Z ({KVp2 - ne},[ga])e + Z (K'Vp2 - mi2,¢2)r,, = (f2,62)0, + (9N, @2)ry, -
Eec&l ecl} e€lr2

Using the splitting p2 = w2 + pp, we obtain:

> (KVes, Vo) — > ({KVer-nelga))e + > (KVpy-niz, g2)r,, (61)
Eec&r ecl} e€l'1s
= (f2,42)0, + (9N, G2)r1, — Z (K'Vpp,Va2)E + Z ({KVpp e}, [g2])e- (62)
Eegh eclh

We then add (25) and (62), and use the fact that [p2]]c = 0 in L2(e) for all e € T4,

2,LL(D(’U,1), D(vl))Ql - (pla V- v1)91 + (ul : Vul, vl)Ql
+ Y (KVgo,Vao)p — Y ({KVez-ncd @) +¢ Y ({KVar-n.}, [pa))e

Eegl ecl'h ecl'h
+ Z (K'Vp2-mi2,¢2)r,, + ((—20D(u1) + prl)niz, vi)ry,
e€la
= (f1,v)a + (f2,02)0, + (9N, @2)ry — Z (K'Vpp, Va2 ) + Z ({KVpp - ne}, [g2])e- (63)
Ec&r ecl}

12



In this equation, the terms > cp (KVp2 - ni2,¢2)r,, + ((=2pD(u1) + p1I)ni, v1)r,, are handled exactly
as in the proof of Lemma 1. We remark that u; € V1 and thus we have

(w1 - Vug,v1)o, = —(u1 - Vo, ur)a, + (81 - 2,01 - 1)1y,

which yields:
(u1 . Vul,v1)91 = CNS(ulaulavl)'

Combining this result with (63), we obtain equation (59). O

Similarly, we can prove the following result:

Lemma 10. Let (u1,p1,p2) be the solution to (1)-(11) and (13) that is smooth enough. Define o = ps —pp.
Then, we have for all v1 € X?, q2 € Mg, Q1 € M?

ans(u1,v1) + bns(v1, p1) + ens (ur;ur, vi) + ap(p2, g2) + 78 (w1, 2;v1, g2) = L(v1, ¢2), (64)
bns(u1,q1) = 0. (65)

3.2 Existence of Numerical Solution

We now proceed to show that there exists a unique solution to problem (W#%). We define the space of weakly
divergence-free functions:
Vi={vie X} Vg € M]', bns(vi,q1) =0}

We note that U; € V¥ so that the scheme (W) reduces to:

Vo, € X" Vgo € MY, ans(Uy,v1) + bys(vy, Pr) + ens(Uy; Uy, vy)
+ap(Pz, q2) + 74 (U1, Po;v1, q2) = L(v1, q2). (66)

Clearly, if (U1, P1, P») is a solution to (W4), then (Uy, P,) is a solution to (66). Conversely, assume that
(U4, P) is a solution to (66). Then, the discrete inf-sup (46) implies that there exists a unique P, € M}
such that (Uy, P1, P») is a solution to (W#%). Based on this equivalence between the two problems, it suffices
to show that there exists a solution (Uy, Py) € VI x Mp of (66). We will use Lemma 2 and we define the
inner-product on Y* = V1 x M}

((vlaQZ)v (wlatQ))yh = 2/,L(D('U1), D(wl))gl + Z (KVQ27Vt2)E + Z %([QQL [tQ])e' (67)
Eeé&? ecrh

Next define U/ : Y — Y such that:
(Uh(v1,q2), (w1, t2)) . = ans(v1,wi) + ens(vi; v, wi) + ap(ge, ta) + ya(v1, g2; wi, t2) — L(wn, o).

Using (50) and the definitions of the bilinear forms, we obtain a lower bound of (V' (v1,g2), (v, qg))yh:

1
(Wi (v1,02), (v1,42)) gy = 2l D(v1) (1720, + #lllg2ll]* + aﬂvl T2ll7er,,) — L(vi, a2).

From (17), (18) and (56), we have for any § > 0:

0 2, C% 2
(farq2)0, < §|||Q2||| + 2_5||f2||L2(§22)' (68)
Similarly, from (17), (18) and (57), we have for any ¢ > 0:
) C?
(g3, 2)res < gllaall + SE ol aqr,y (69)
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Using a trace theorem [26], (17), (18) and (24), we have for any ¢ > 0:

/\max
= 3 (K90, Va2)e+ 3 (Koo faaDe] < ollaall*+ 22 o3 )+ S 3 0]y (70
Eegh eel} Eegh

Combining the bounds (68), (69), (70) and (34), we obtain:

3 K 1
(Vh(v1,42), (v1,02))yn 2> 5 ID@7z,) + S llla2lll” + clv T1lZar,,)

2Amax

P202 202 202
(“nflnmlw 2 Falay + - llgn e + ||pD||H191)+—anDHm(E))

Eec&r

Therefore, (U (v1,g2), ('vl,qg))yh > 0 provided that ||(v1,¢2)|ly» = Ra with

3 K 73 C 202 C 2Amax
Rz = (ma (4 2))1/2( L1 f1 11720 + —5||f2||2L2(92) i HQNHL2 (ran) T ol (71)
202 1/2
Z HPDHH2(E)) : (72)
Eegl

This concludes the proof of existence of a solution (U1, P;) of (66). The same argument can be used to show
that any solution (U1, P2) of (66) is bounded as follows:

2u|D(U1) 720, + I1P2]]]* < R3. (73)

The proof of existence of a solution to (W}) is more technical as the nonlinear term (21 - 112, v1 - wi)ry,
of the form cng remains. As above, we define \I!’g :YP — Y such that:

(Uh(v1,q2), (wi,t2))yn = ans(vi,wy) + exs(vis v, wr) + ap(gz, t2) + v8(v1, g2; wi, t2) — L(w, to).

This yields

1
(Wh(v1,q2), (v1,42)) yn > 20l D(v1) 1720,y + 5]l +—||v1 T12l|72(r,,) + 5 (V1 M12, v1-01)r,, — L(v1, g2).

5(

Using the bound
1 C3CyC3% I
2

5(01 “M2, V1 - V1)L, < D(Ul)”%Q(Ql)

and the bounds (68), (69), (70) and (34), we obtain that (W (w1, ¢2), (v1,q2))y., > 0 provided that |[(v1, g2)|[yn =
Ro and that ;
32u
2
2p)| D(v1)||72(0,) < cocecT

These conditions are compatible if we assume that

32u3

R3 < —ersmg-
: = areycy

The rest of the proof is similar. We summarize our results in the following theorem.

Theorem 11. Let Ry be defined by (72). There exists a solution (U1, P, P2) of (Wh) satisfying (73). If
the data satisfies

3243
csczcy’

then there exists a solution (U1, Py, Py) of (Wh) satisfying (73).

R3 < (74)
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3.3 Uniqueness of Numerical Solution

Theorem 12. Let Ro be defined by (72). Under the condition

03
p? > 715(732 +C2CHRy (75)

problem (W7%) admits a unique solution.

Proof. Tt suffices to prove uniqueness of the solution to (66). We assume that (U;, P}) and (U3, P?) are two
solutions satisfying (66), and let Wy = Uj — U? and xo = Py — P3.

1
ans( Wi, 1) + exs (U, Uy, v1) — ens(U, US,01) + ap(x2, ¢2) + (x2,v1 - n12)F - §(U% - Up, v 'Tllz)F

12 12

1
Tio + E(Wl *T12, U1 '7-12)1‘12 o (Wl ’ nlz’q2)F12 =

In particular, we choose v; = Wi and ¢q2 = Xxa.

1
+§(U§ . U%, v - n12)

1
ans(Wi, Wi) +ap(x2, x2) + EH wy '7—12”%2(1‘12) + CNS(UL Ui, W) — CNS(Ui U, Wi) + (x2, Wi - le)F

12

1 1
—S (UL UL W)+ (U3 TR, W) = (W miaxe) =

Using (50) and rewriting the nonlinear terms as

ens(UY, Uy, W) — exs(U3, Ui, Wy) = exs( Wy, Up, Wi) + ens(Us, Wy, Wh),
1

1 1 1
_§(Ui U, Wh-mag) .+ §(U% UL, Wymag) = —§(W1 UL, Wi ni)r, — §(W1 UL, Wi ni)r,,,

F12 F12

we obtain
2ul| D(W1)|3 2y Lw 7
HID(W)lIz2(,) + sllDelll” + S WL - mi2llze )
1 1
+exs( Wi, Uy, Wh) + exs (U, Wi, Wy) — §(W1 ULW1-ni)r,, — §(W1 UL, W1 ni)r,, <0.
From Lemma 8, we have
ens(Wa; Uy, Wh) + ens (Ut Wi, W) < Cr | D(W 1) |72, (ID(U7) | 200 + IDUD) [ 22 (20)-
Similarly, using (21) and (20), we have
1 1 1
§(W1'U1,Wl'nlz)rlg+§(W1'U%,Wl'nlz)rm < 502026?||D(W1)||2L2(Ql)(||D(U})||L2(Ql)+||D(U%)||L2(91))-

Combining the two bounds above with (73), we obtain:
1
V2

This clearly implies that W1 = 0 and x2 = 0 if the condition

R 1
(20— \/—;(\/507 + —=CrCOD) [D(W) |72 (0 + 5llIx2ll? + cliwr- T12/[22(r,a) < 0-

Ro 1 )
2u > — V2C; + —=C3C,C
is satisfied. This condition is equivalent to (75). O
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The proof of uniqueness for the solution to (Wg) involves less terms but is only valid in a certain ball. We
skip the proof and state the result.

Theorem 13. Let Ro be defined by (72). Under the condition (74) and the condition

c3 1
u? > \/—%(Pf + 50202)722 (76)

problem (W) admits at most one solution satisfying (73).

4 A Priori Error Estimates

Theorem 14. Assume that the solution to problem (Wy4) is smooth enough, i.e. ui € (H*+1(01))2,p1 €
H*1(Qy) and pa = 2 + pp with py € H*211(Qy). Let Ry be defined by (41) and let Ry be defined by (72).
Assume that the data satisfies:
e O3
V2
Let (U1, P1, P) be a solution to problem (W%). Then, there exists a constant C' independent of h and p such
that

(Pi+ C2CF)(Ry + Ra).

(R + R2)2)

plD(ur = U720, + o2 = @of|* + (w1 = Uy) - T12ll72p,,) < C(1+ R w3 410y

1 1
+C(1 + ;)h2k2 ||SD2H§{k2+1(Qz) + C;hmﬂ ”le?ﬁlkl ()"

Proof. Let w1, p1, P2 be approximations to w1, p1, @2 in the spaces X’f,Mlh and M} respectively. Assume
that the error bounds (51), (53) and (54) hold. Let

x1=Ui—w, & =P—-p1, &=%®—pa,
Ci=wm —Ww, Mm=piL—pi, N2=p2— Pa.

Using the consistency Lemma 9 and the definition of problem (W), we obtain the error equations:

Vo, € X1,Vg2 € M3, ans(x1, v1) + ap(&a, ¢2) + bxs(v1,€1) + exs (Ur; U, v1) — exs (s ur, v1)
+7a(U1, ®2;v1,q2) — va(ur, p2;v1, ¢2) = ans(Cy, v1) + ap(n2, q2) + bxs(vi, m1),
vql € Mlha bNS(leql) = bNS(Claql)'

Let v1 = x1,q1 = &1, @2 = &2, then from (50), we have

20| D(x1)1 72y + EllIEI? + exs(Ur; Un,xq) — ens(wi; wi, x;)
+ya(U1, P25 x1,82) — va(ur, 92;x1,82) < ans(C1,X1) +ap(n2,82) + bns(xy,m) — bns(C1,61). (77)

We first expand the terms involving the linear form 7 4:

1 1
74U, 23x1,62) = va(u1, 020X, €2) = —5 (U - Un xy - maz)ry, + 5 (U1 us, X - n)ree + Fla T2l e,

~ N

1
_E(Cl *T12, X1 " 7-12)1112 - (772a X1 'n12)F12 + (&2, Cl 'n12)F12' (78)
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The nonlinear terms are rewritten as

1
_(Xl SUL, X n12)F12

1 1 1
A= —§(U1 ‘U1, X1 -Mi2)ry, + 5(“1 SUL, X T2)T, = §(U1 “X1, X1 M2)r, + 5

1
5((1 sUL, X7t nl2)r127 (79)

and bounded by using (17), (18), (21), (20), (40) and (73)

1
—§(U1 €1, X1 - M12)rys —

1
A < 50130203|\D(X1)||2L2(91)(||D(U1)||L2(Ql) + | D(u1)l|L2(0y))
+C||D(X1)||L2(Ql)|\VC1||L2(Ql)(||D(U1)||L2(Ql) +[[D(u1)llL2(0)))

R1+ Ra
< D ) 27w T Tva D 22
= || (XI)HL (Ql)+ 01020 eI ID(x1)I7, ()
CR1+R
+7( L R 9, -

The linear terms in (78) are bounded by (17), (18), (21), (20) and (57)

)
1
5@1 “T12, X1 T12)Tys < 2G||X1 7'12||L2 (T1) T CHVC1”L2(91)

(m2, X1 - P12)ry, < g”D(Xl)H%Q(Ql) + ;IIIUQIIIQ

K
(§2,¢1 - ni2)ry, < g|||€2|||2 + ClIV¢il720,)-

We rewrite the nonlinear terms involving cng in (77) in a similar way as with the term A; defined in (79).
We obtain a bound by using Lemma 8.

ens(Ur; Ur, xp) —ens(uisur, xp) = ens(Uisxa, xa) + ens (X w1, x1)

—ens(U1; €5 x1) — ens(€rs 1, x1)

I Ri1+Reo
g||D(X1)||%2(Ql)+O7 e D (XI)H%Q(Ql)

(R1 + RQ)

IN

+C V¢ 1720y

The term ans(¢q, x1) is simply bounded using Cauchy-Schwarz and Young’s inequalities.
ans(€1:x1) < —H (X172, + Cull D)7 20y)-

The term bns(¢;,&1) vanishes because of property (52). The term ap (72, &2) is bounded using standard DG
techniques (see [26]) and the approximation property (54):

K
ap (112, 62) < ZlIEall* + Ch g2l w1

Finally, the term bns(xy,71) is bounded as:

C
bs(x1:m) < —H (X1)||2L2(Ql) + ;||771||2L2(Ql)-
Combining the results above, the error equation (77) becomes:
1 Ri1+ Rso K 1
(M - (—Cf@cf +0)— 75— V21 )H ()1 220,) + —|||§2|||2 +5gla T2l Tagr,)

(Rl +R2)
< O+ ——5—=)IV¢ill72q,) + C—|||772|||2 + CR*2(|pa|Fpua 1.y + o~ ||771||L2(m>'
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The final result is obtained by using the approximation properties (51), (53), (55), a trace theorem and the
inequalities:

ID(u1 = U1)ll72(0,) < CIDx)7200) + CIIDE) 720,

(w1 = U1) - T1all 220, < Cll(x1) - Tr2ll 22, + CICL) - Tr2ll 220,
lllp2 — PallI> < Cll1&lI* + CllIn2l |-

A straight consequence of Lemma 7 and Theorem 14 is a bound on the pressure error.

Corollary 15. Under the assumptions of Theorem 14 and if the function pp belongs to H*>T1(Qy), there
ezists a constant C' independent of h and p such that

(Rl + RQ)Q
—)

1
e~ BAAIP < C(1+ B gy + O+ ) Bl o

1
O o031 + O 1 g

Theorem 16. Under the assumptions of Theorem 14 and Corollary 15, there exists a constant C' independent
of h such that

Ip1 = Pillz2(0y) < CR™ |Ipall ey + CR* ||| a1,y + CRP (192l a1 qy) + 1IP0I re+1(0))-

Proof. Using the same notation as in the proof of Theorem 14, we can rewrite the error equation by taking
q2 = 0:

1
bns(vi, &) = bns(vi,m) +ans(ur —Ur,v1) — §(U1 cuy — Uy -Uy,vr - na2)rg,
1
+ens(uisur, v1) —ens(U; U, v1) + (92 — @2, 01 - nao)rg, + a((ul —U1) 712,01 T12)Ts-

We now bound all terms in the right-hand side. Cauchy-Schwarz’s inequality yields simply

bns(vi,m) < ClIVoilzzn lImllzz@.).
ans(u1 — U1, v1) < Cpl|Voil| 2 [|[D(wr — Ui)l|2(ay)-

The nonlinear terms are handled like the term A; in (79).

1 1 1
5(“1 cuy — Uy -Uy,vi-ni)r, = §(U1 “X1, V1 M2)ry, + §(X1 UL, V1 M2)Ty,
1 1
—§(U1 “€1,V1 - M2)ry, — §(C1 UL, V1 M2)Ty,
C(Rl —|—R2)
< ———|Vvillezn) ID (i)l L20)) + 1IVCillz2(a,))s
Vi
ens(ursur,v1) —ens(U;Ur,v1) = ens(Ui;xa,v1) + ens(Xxq; w1, v1)
—ens(Ut; €, v1) — ens(€qsu, v1)
C('Rl +'R2)

< IVorll L2 (1P (X))l 22 + 11Vl 2 (01))-

S

Finally, the last two terms are bounded as:
(2 = 2,01 - m12)ry, < Ol + 202201 VULl L2(021)5

1

5((“1 —Ui) T12,v1- T12)ry, < Ofl(ur —Unr) - T2 20 [ VU1 22(0y) -
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Therefore, we obtain:
bNS(vlv 61) S C®||VU1HL2(Q1)7

with
R1+Ro

VI
& + 2l z2(ri) + (w1 = Un) - Ti2llL2(0,)-

O = [Imllz2(q.) + pllD(ur — Ut)|lL20,) + (D)2 + 1IVEillz2 1))

The inf-sup condition (46) then yields
C
€1l z2(0,) < E@-
Using the approximation results (51), (53), (54) and Theorem 14, we can conclude. O
The convergence of the solution of problem (W2) is obtained in a similar fashion. The derivation of the error
estimates involves less terms, for instance the term A; in (79) does not appear. We state only the results.

Theorem 17. Assume that the solution to problem (Wg) is smooth enough, i.e. w1 € (H*+1(01))2,p1 €
HF () and pa = 02 + pp with o € H*11(Qy) and pp belongs to H*+1(Qy). Let Ry be defined by (41)
and let R be defined by (72). Assume that the data satisfies:

@
V2

Let (U1, Py, Py) be a solution to problem (W}). Then, there exists a constant C independent of h and p such
that

1
w2 > ZL(P? 4 5C2C1) (R + Ra).

(Rl + RQ)Q
— )

pllD(ur = U)ll72(0,) + lllpz = Pol* + (w1 = Us) - Tr2)| 7o,y < C(1+ W w310y

1 1
+C(1+ ;)h% liallZrmasr ) + Oﬁh%l 1171 () + CH**2 IPD Fr41 (-
In addition, there exists a constant C' independent of h such that

Ip1 = Pillz2(0y) < CEM Ipall s (uy + CR* ||| a1,y + CB™ (192l s+ qy) + IPD]] e +1(0,))-

5 Numerical examples

In the following examples, we consider the domain (0, 1) x (0, 2) divided into two subdomains by the interface
I'i2 = (0,1) x {1}. The Navier-Stokes region is the top part 1 = (0,1) x (1,2) whereas the Darcy region is
the bottom part Qo = (0,1) x (0,1). We first verify our theoretical results by computing convergence rates
for known smooth solutions. The mini elements are used in the Navier-Stokes region and the discontinuous
piecewise linears are used in the Darcy region. We choose the SIPG method with a penalty parameter equal
to 1 everywhere.

Solution 1: For the model W4 (with inertial forces), the exact solution is chosen as:

w = (Y —2y+2z,2° —x+2y), p1=—2’ytay+y?  pe=4-2?y+tay+y?+0.5((20— 1)+ (a® —x—2)?).

Solution 2: For the model Wg (without inertial forces), the exact solution is similar. The pressure is slightly
modified:

ulz(y2—2y+2x,x2—aj+2y), pr=—2y+ay+y?—4, pp=2 +zy+y°
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Lh | [|P = pollrzy | UL —willz20,) | [1PL = pillezey | [[D(UL — wi)l[z20)) | 1| U2 — uallr2(a,)
2 1.054 x10~1 6.426x 1072 3.271 x107 1 2.793 x10~ 1 3.547 x10~ 1T
4 2.592 x10~2 1.598 x1072 6.640 x10~2 1.367 x10~! 1.643 x10~!
8 6.417 x1073 4.001 x1073 2.047 x10~2 6.794 x10~2 7.911 x10~2
16 1.594 x1073 1.000 x10—3 6.658 x1073 3.390 x1072 3.896 x10~2
32 3.970 x10~4 2.499 x10~4 2.304 x1073 1.594 x10~2 1.961 x10~2
rate 2.00 2.00 1.53 1.00 1.00
Table 1: Numerical errors and convergence rates for solution 1 and the choice ks = 1.
L/h | [|Pa = pallrzy | UL —willz2)) | 1Py = pilleeoy | [[1D(UL — wi)llr20)) | 1| U2 — ullr2(a,)
2 1.052 x10~! 6.426x10~2 3.345 <101 2.793 <1071 3.507 x10~ T
4 2.598 x10~2 1.598 x1072 6.889 x10~2 1.366 x10~! 1.625 x10~!
8 6.418 x10~3 3.998 x1073 2.909 x10~2 6.794 x1072 7.811 x1072
16 1.592 x1073 9.989 x10~ 4 6.754 x1073 3.390 x1072 3.841 x1072
32 3.963 x10~* 2.495 x10~4 2.248 x1073 1.694 x102 1.907x 102
rate 2.00 2.00 1.58 1.00 1.00

Table 2: Numerical errors and convergence rates for solution 2 and the choice ks = 1.

Table 1 and Table 2 give the numerical rates for both models. We verify that our numerical rates correspond
to the theoretical results, namely O(h) for the Navier-Stokes velocity error in the gradient norm and for the
Darcy pressure error in the gradient norm. One of the benefits of using discontinuous Galerkin is that one
can easily increase the polynomial degree. We repeat the same experiments above and increase the polynomial
degree in the Darcy region to two. We choose the solution 1 and present the results in Table 3.We observe
that the solution is more accurate in the Darcy region as the polynomial degree increases. Furthermore, the
errors in the Darcy region locally converge faster than the errors in the Navier-Stokes region. We obtain a
rate of O(h?) for the pressure error in the gradient norm. Our global error estimates guarantee only the rate
O(h). We have observed similar results for the solution 2.

In the next example, we consider the following Dirichlet boundary conditions for the Navier-Stokes region:

uy = (sin(7z),0), on (0,1)x {2},
ui = (0,0), on ({0} x (1,2))U ({1} x (1,2))

For the Darcy region, we assume zero Neumann boundary condition for the vertical boundaries and zero
Dirichlet boundary condition for the horizontal boundary. We use the mini elements for the Navier-Stokes
region and discontinuous polynomials of degree one for the Darcy region. The viscosity is chosen to be equal
to one. The mesh consists of a uniform triangularization of the domain with 8192 triangles. In Fig. 1, we show
the velocity streamlines obtained from the schemes W% and W}. They are almost identical to each other.
For a better comparison, we compute the difference between the two solutions. Fig. 2(a) shows the contours
of the difference between the two approximations of the z-component of the velocity field. We observe that

L/h | [Py = pll2n) | [0 — w2 | 1P —Pillezo)) | [[1D(UL — wi)llrz00) | [[U2 — u2|lr2(0,)
2 2.667 x10~2 6.425%x10~2 3.343 x107 1 2.793 x10~ 1 5.982 x10~2
4 7.276 x1073 1.600 x102 6.766 x10~2 1.366 x10~! 1.584 x1072
8 1.872 x1073 4.004 x1073 2.072 x1072 6.794 x10~2 4.049 x1073
16 4.726 x10~4 1.000 x1073 6.702 x10~3 3.390 x10~2 1.022 x1073
32 1.187 x10~* 2.499 x10~* 2.230 x1073 1.694 x10—2 2.570 x10~4
rate 2.00 2.00 1.58 1.00 2.00

Table 3: Numerical errors and convergence rates for solution 1 and the choice ko = 2.
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the difference is very small, of the order 10~°. A similar comment can be made about the difference between
the two approximations of the y-component of the velocity field (see Fig. 2(b)). The difference between the
two approximations of the pressure is slightly larger, namely of the order 10~3.

Finally we repeat the same experiment but we set the fluid viscosity equal to 0.005. Fig. 4 shows the difference
between the approximations of the two models. Overall the difference is small, of the order 1075, At some
localized areas near the interface, the difference increases to 1073.

(a) (b)

Figure 1: Streamlines for the numerical velocity for the model without inertial forces (a) and with inertial
forces for viscosity equal to 1.

6 Conclusions

We define and analyze two model problems for the coupled system of Navier-Stokes and Darcy equations.
We formulate a method that combines the classical conforming finite element method for Navier-Stokes with
the discontinuous Galerkin method for Darcy. If inertial forces are included in the balance of forces across
the interface, existence of weak and numerical solutions is obtained unconditionally. Small data condition
is needed if one does not take into account inertial forces and in addition uniqueness is obtained locally.
Convergence of the discrete solution is proved with respect to the mesh size. The meshes on the interface can
be non-matching. This is an attractive feature if one implements the method using a domain decomposition
approach. From a numerical point of view, the two schemes yield similar solutions for the velocity with a
difference of very small value in the sup norm.
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Figure 2: Difference between the solutions obtained from the two models for viscosity equal to 1: (a) -
component of velocity, (b) y-component of velocity and (c) pressure.
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(a) (b)

Figure 3: Streamlines for the numerical velocity for the model without inertial forces (a) and with inertial
forces for viscosity equal to 0.005.
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Figure 4: Difference between the solutions obtained from the two models for viscosity equal to 0.005:

z-component of velocity, (b) y-component of velocity and (¢) pressure.
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