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Abstract

In this paper we consider systems of diagonal forms with integer coefficients in which each form has
a different degree. Every such system has a nontrivial zero in every p-adic field Q, provided that
the number of variables is sufficiently large in terms of the degrees. While the number of variables
required grows at least exponentially as the degrees and number of forms increase, it is known that if p
is sufficiently large then only a small polynomial bound is required to ensure zeros in Q,. In this paper
we explore the question of how small we can make the prime p and still have a polynomial bound. In

particular, we show that we may allow p to be smaller than the largest of the degrees.

1. Introduction

In this paper, we study conditions under which the system of homogeneous equations

F(x) = an:v’fl + . 4+ alsxfl =0
(1)

Fr(x) = aRlzclfR + - 4+ aRSfo =0
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with a;; € Z and ky,...,kr € Z" is guaranteed to have a nontrivial solution in p-adic
integers. By nontrivial, we mean simply that at least one of the variables is not equal to
zero. A conjecture commonly attributed to Artin suggests that regardless of the values

of the coefficients, a nontrivial zero in Zj should exist for each prime p provided only that

we have
R
5> Z k2.
i=1

If R =1, then Davenport & Lewis [5] have shown that this bound is correct. Unfortu-
nately, the following theorem of Lewis & Montgomery [8] shows that this conjecture is

false, and that any such bound on s must in fact exhibit exponential growth.

THEOREM 1 (Lewis-Montgomery). Suppose p is an odd prime. Let M be a pos-
itive integer, and let M be a set of K integers in the range [M,2M — 1]. Suppose that

there are s integers x1,...,xTs, not all divisible by p, such that

P DM = (mod p®DM)

for all m in M. Then s > p*.

On the other hand, Ax & Kochen [1] have shown that if we ask only that a nontrivial
solution exists in Z;, for p sufficiently large, then the Artin bound is sufficient. It is
therefore an interesting problem to determine how small we can take the prime p to be
before exponential growth is required. In particular, how small can we make p and still
obtain polynomial bounds for s?

In this paper, we explore this problem in the situation where the degrees of the
polynomials are all different. In order to write down our conclusions, we introduce the
following notational convention. Let I';(k1,...,kg) be the smallest number such that
any system of forms as in (1) has a nontrivial solution in Z;, whenever s > I'; (k1, ..., kg).
For example, if k1, ..., kg are fixed, then the result of Ax & Kochen above states that

one has

R
(k. kR) <1+ 3 K2
=1



for sufficiently large p. The purpose of this paper is to prove the following theorem.

THEOREM 2. Suppose that R > 2 and let k1 > ko > --- > kg be positive integers.

For a fized prime p, define numbers ; and /;i, (1 < i < R), so that k; = pTil%i with

(p, ki) = 1.

i) Define
R om+l -1
Si =3 k"
i=1

If p> k1 — kr+ 1, then we have

R R
Tr(ky,... kg) < (S1+1)> iki— Y ki +R.
1 =1

i=

This implies the bound

3 R 2 R
Tp(ky, ... k) < SR (Zk) +(R-1) (Zk) +R

i=1 =1
for such p.
i1) Define
R )
Sy = Z l%ipT:ill.
i=1
If we have

k1 —k
p> 1—|—max{1,k:1—k3_1,12R},

then we have

R R
Tr(ky,... kg) < (S2+1)> iki— Y ki + R.
1 =1

i=

This implies that for these p we have the bound

R 2 R
3
Tk, kr) < SRk — b+ 1)2 (Z k) +(R-1) (Z k:) +R.
i=1 =1

This shows in particular that polynomial bounds are possible for primes smaller than

the largest degree.



We prove this theorem through a method similar to the one used in [7]. First we
apply a normalization process which shows that we need only consider systems which
have certain desirable properties. Then we will consider the system (1), with each
equation reduced modulo a power of p, and determine a number of variables which
guarantees that this system of congruences will have a nonsingular solution. Finally,
we will lift this solution of congruences to a nontrivial solution of (1) in Z;, through a

version of Hensel’s Lemma.

2. Normalization

In this section we describe the process by which we normalize the system of equations
and derive a few properties of normalized systems. Our normalization process essentially
combines the two used by Wooley in [10] and [11]. Suppose that F = (F},..., FR) is
a system of additive forms as in (1), and that the prime p is fixed. We define two

fundamental operations on F. First, we may write
F' =bF = (b Fy,...,brFR)

for some vector b of nonzero rational numbers. Second, we may make a change of
variables of the form x; — p~"iz;, where the v; are rational integers, yielding a system
of the form

F'=F(p"z1,...,p"xs).

Note that these operations commute. A system G with integer coefficients is said to
be equivalent to F if G can be obtained from F through a combination of the above

operations, i.e. if we can write
G =DbF(p"xy,...,p"xs).

Now we wish to define a function 9(F) whose value depends on the coefficients of
F1, ..., Fr and which behaves nicely under the fundamental operations. Unfortunately,

this will require a fair amount of notation. Define K = kiks--- kg and for each 7 let



ki = K/k;. For any fixed integer r with R < r < s, we define

Se={(s - dr) € {1, o} 1 i # g when i #i'}
and note that if we set L = |S;|, then we have

L=r(r—1)---(r—R+1).

For each o = (j1,...,Jr) € Sy, write
D, (F) = det [ak; } .
Wm | 1< m<R
Further, for fixed numbers mq,...,mp_1 withr+1<mj <--- <mpg_1 < s, we define

M1:{?”—|—1,...,m1}
My ={mi+1,...,ma}

Mg = {mR_l—i—l,...,s},
taking M; to be empty if m; = m;_1. Also, fori=1,..., R, we set

L
N = By
T

(2

Finally, we define

oF) = [ Do®) T[ o T[ o+ TT ol

oc€Sr JEM; JEMo JEMR

We now show that 0(F) behaves nicely under the fundamental operations.

LEMMA 3. Suppose that F is a system of forms as in (1) with integral coefficients.
Then the following statements are true.

i) If we set ' = bF = (b1 Fy,...,bgrFR), then we have

R

i=1

ii) If we set " = F (p"x1,...,p"xs), then we have
8(F”) _ pRLKU/Ta(F),

where we have set v =v1 + -+ - + vs.



Proof. To prove the first statement, let F/ be the system
Fl =dabi 4. 4l 2k (t=1,...,R).

If F/ = bF, then we have a;j = bja;; for each pair i,j. If 0 = (ji1,...,jr) € Sy, then

Dy (F') = det ([b aft }m>

=g et <[a’§m}m>

— ’fll ) --b];g%DU(F),

whence we obtain

[T Do) = ] b} - b5 Do (B) = 651" 652" ] Do(F). (2)
oESE oc€Sr ocESr
Moreover, for each ¢ = 1,..., R, we have
N; Ni , Ni |M;|N; o Vi |M;|RLE, /7 N;
H (a;j) - H b;* aij = =0 Qij = =b; Qig - (3)
JEM; JEM; JEM; JEM;

Putting (2) and (3) together, we obtain

R
(F) = (bi’lL S | ) O(F)

i=1
R !
_ <H bELJrMilRL/r)ki) (F),
i=1
as desired.

In order to prove the second statement, we let F” be the system

F"—allxlf—l—--'—i—a;;a:l;i (t=1,...,R).

If F/ = F(p"a1,...,p%" ), then we have af, = p*¥ia;; for each pair i,7. If o =

J
(Ji,---,JR) € Sy, then we have

D, (F") = det ([(aé’jm)ﬂm>

= det ([pK”Jm af]m} )
,m

)

K}
— Ui LK det ([ z;mLm)

:pval .. pKUJRD ( )



Therefore we have

I p-(F") = I % p"rD,(F)
€Sy o=(j1,---,JR)ESr
_ H pK(vler--.Jrij) H D, (F)
O'GST O'GST
:pKZ(Uj1+~--+UjR) H Dy(F),
oES)

where the sum in the last line is over all ¢ € S,. Now there are L choices for o, and

each of j1,...,Jj, appears in RL/r of these choices. Hence we have
RL RL RL ~—*
Z(v]1++UJR) = 7U1+"'+T’U7~: TZ Uj,
G’EST
where we use the notation >_* to represent a sum over all j < r. Therefore we have

[1 Do (F") = pREEE )/ T Dy (F). (4)

ceSr ogEeSy

Additionally, for each i with 1 <1i < R we have

[T @)™ = I (o) = IoA" T

JjEM,; JjEM; JEM; JEM; (5)
= NS T = pEKE e T 0l
JEM; JEM;

where $°7 represents a sum over all j € M;. Putting (4) and (5) together, we obtain

H(F") = pRLKZ*vj/rpRLKzlvj/r B .pRLKZR uj/ra(F)

_ pRLKU/Ta(F).

This completes the proof of the lemma. [J

Suppose that F is a system of additive forms with integer coefficients. A standard
argument (see for example page 572 of [6]) shows that in order to prove Theorem 2 for
all systems of additive forms, it suffices to prove it for systems such that O(F) # 0.
We say that F is p-normalized if O(F) # 0 and the power of p dividing O(F) is less

than or equal to the power of p dividing O(G) for any system G of forms with integer



coefficients which is equivalent to F. Note that since any system is equivalent to one
which is p-normalized, it suffices to prove the theorem for p-normalized systems. We
now prove a lemma showing that p-normalized systems are explicit in a relatively large

number of variables when considered modulo p.

LEMMA 4. Suppose that F is a p-normalized system of additive forms. Then the
following statements are true.
i) If N is the number of variables in F which are explicit when F is considered modulo

p, then one has
R r\ 1
N> ( M, 7) )

i1) If q; is the number of variables explicit modulo p in the form F; of degree k;, then

one has
ry 1
i > [ M; *)*-
q—(' I+ %)%

Proof. To prove the first statement, suppose (by relabeling if necessary) that the

variables x1,...,zn are the variables which are explicit modulo p. Consider the system
F/ = p_lF(p$1» ceo sy PIN, TNA1s - - - 71'5)7

which has integer coefficients. The system F’ is obtained from F via a combination of
the fundamental operations with by = --- =bgp =p ' and v =v; +--- + v, = N. Then

we have

R
8(F/) _ <pRLKN/7" H(p—l)(L-i-MﬂRL/r)k;) 8(F)

i=1
= pAO(F),
where we have set
R
RLKN RL
A= — — M;|—+ L) k.
oy (1755 4 2) b

Since the system F' is p-normalized, we must have A > 0, and the first part of the lemma

follows.



For the second statement, fix ¢ and suppose that the variables in the form F; which

are explicit modulo p are x1,...,z,. Consider the system

F"' = bF(p.%'l, <oy DTy Lg41s -+ - xS)?

1

where b; = p~* and b; = 1 if j # i. Note that F” is a system of forms with integer

coefficients. Then we have v = ¢; and hence 9(F”) = pP9(F), where

_ RLKq;  |Mj|RLE,
B r r

B — LK.

Since the system F is p-normalized and F” is equivalent to F, we must have B > 0, and

part ii) of the lemma follows. This completes the proof of the lemma. [

3. Preliminary Lemmata

In this section we establish some lemmata which will be needed in the proof of
Theorem 2. Our first lemma, due to Schanuel [9], provides a bound on the number of

variables necessary to solve a system of congruences modulo various powers of a prime

p-

LEMMA 5. For 1 < i < R, let F; be a (not necessarily homogeneous) polynomial
of degree k; in N wvariables with coefficients in Z, and no constant term. Also let
T, ={x € Zy, : 2P = z} be the set of Teichmiiller representatives of {0,1,2,...,p —1}.

Then the system of equations
Fi(z1,...,2xy) =0 (mod p"") (1<i<R)

has a nontrivial solution in Tzfv provided that

R pvi_
N>Zkip_1 .
=1

Our next lemma is a version of Hensel’s Lemma, which allows us to lift a nonsingular

solution of a system of congruences to a p-adic solution. This is Lemma 4 of [7].



LEMMA 6. Consider the system (1). Let p be a prime number, and for 1 <i < R we
define numbers T; and ki such that k; = p”l::i with (p, k?z) = 1. Further, for 1 <i < R,
we define

Ti if p is odd
Yi =
Ti+1 ifp=2.

Let h be a positive integer and suppose that z is a nontrivial solution of the system of

congruences

Fi(x) =0 (mod p*htri=1) (1<i<R) (6)

such that the matriz

k1—1 k1—1
a1y S apszgt
(7)
kr—1 kr—1
aRlle aRszsR

has an R x R submatrix M such that
det M #0 (mod ph). (8)
Then the system (1) has a solution'y € Zj, such that y =z (mod ph).

Our final goal for this section is to prove Lemma 10, a result stating that under
certain conditions the determinant of a matrix similar to (7) can be made to be nonzero
modulo a power of a prime p. This will be needed later to ensure that our solutions of
congruences are nonsingular. In order to prove this lemma, we will need some properties
of Bhargava’s generalized factorial function (see [2, 3, 4]), and refer the reader to [4]
for the definition of a p-ordering and the definitions of the functions v (S, p), wp(a) and

k!s. In order to prove Lemma 10, we will need the following preliminary lemmata.

LEMMA 7. The sequence 0,1,2,... of nonnegative integers is a p-ordering for Z for

any prime p.

This is Proposition 6 of [4].

10



LEMMA 8. Let p be a prime number, and let S be the set S = Z — pZ. Then the

sequence
(ap,a1,a9,...)=(1,2,3,...,p—Lp+1,....2p—1,2p+1,...)
s a p-ordering for S.

Proof. In the definition of a p-ordering, we may take ag to be any element of S. Hence
it is permissible to set ag = 1. Now suppose that aq, ..., a are the first £+ 1 terms of a
p-ordering for S. We wish to show that a4 is allowable for the next term. We divide
the proof into two cases. First, if p{ (ar + 1), then agy1 = ax +1. Let mp be the largest
multiple of p such that mp < ar. Suppose by way of contradiction that we cannot use

ak+1 as the next term. Then there is some number y € S — {ag, ..., ar} such that

wy((y —ao) -+ (y — ag)) < wp((ag+1 — ao) - - - (ak4+1 — ax)).

Since any element of S is relatively prime to p, we have

ag k m
wp (H(y—i)> =wy, | [[w—a) | -wp | [[w—ip)
i=0 j=0 §j=0
k m
< wp H(ak—H —ag) | - wp H(ak-l—l —Jjp)
§=0 §=0
ay
= Wp <H<ak+1 - Z)) 5
i=0
where the inequality holds because
m m
wp | [T =) | =wp | [T(ars1 —ip) | =1
j=0 §=0

since ax41 and y are both relatively prime to p. However we cannot have an element

y €S —{ap,...,a;} such that

Wp (H(y - Z)) < wp <H(ak+1 - Z))

=0 i=0

11



since then the sequence 0,1, 2,... would not be a valid p-ordering of Z, contradicting

Lemma 7.

Now suppose that p | (ax + 1), and write ap + 1 = mp. Then agy1 = ax + 2. As
before, suppose by way of contradiction that there is an element y € S — {ag,...,ar}
with

wp((y —ao) -+ (y — ar)) < wp((ar41 — ao) -+ (ak+1 — ag)).
Again noting that both y and a4 are prime to p, we have

ap+1 k m
wp ( I - i)) = wy (H(y - ai)> cwy | [J(w—ip)

i=0 i=0 Jj=0

k m
< wp <H(ak+1 — a¢)> W H(ak+1 —jp)

=0 7=0

ap+1
= Wp (H (ak+1 _Z)> )

i=0
and the existence of such an element y again violates Lemma 7. Hence, after having

chosen ay, ..., ag, the element a1 is allowable for the next term of a p-ordering on S.

So the lemma is true by induction.l

LEMMA 9. Suppose that the sequence ag,ai,... is a p-ordering for the set S. A

polynomial F of degree k, written in the form

k
F(z) = Z en(z —ap)(x —ay) - (x — an—1),
n=0
vanishes on S modulo p" if and only if e, is a multiple of p"/(p",nls) for 0 < n < k.

This is Lemma 14 of [4].

LEMMA 10. Consider the matriz

ana ' aggpal
B = ; (9)
kr—1 kr—1
arizy”® o CLRRCL'RR

12



and assume that aj1age ---arr Z0 (mod p). Then the following statements hold.

i) If p > k1 — kr + 1, then there exist integers ta, ..., tg, all relatively prime to p, such
that if we set xo = tox1,...,xr = trr1 and let x1 be any integer relatively prime to p,
then det B# 0 (mod p).

i) If we have

ki —k
p>1+maX{k‘1—k'R—1,1R},

2
then there exist integers ts,...,tgr, all relatively prime to p, such that if we set xo =
tox1,...,xr = trr1 and let x1 be any integer relatively prime to p, then det B % 0
(mod p?).

Note that if R =1 we interpret the condition in part ii) of the lemma as p > 1.

Proof. First note that if we set 9 = tox1,...,Tr = tpx1, then we have
det B = oM T TR, g pykr—l det C,

where C is the matrix

k1—k k1—k
a1 ajoty' "R e ai,pty "
¢= kn_1—k kr_1—k
R—1—FR R—1—R~R
AR-1,1 GR-12l9 aR—1,Rtp
| @R aR;2 e aRr,R ]
Since we require x1,to2,...,tr to all be nonzero modulo p, the matrix B has the desired

property if and only if det C' is nonzero modulo the appropriate power of p.

We prove part i) of the lemma by induction on R. If R = 1, then det B = anx'fl*l.
If a11 and xq are both relatively prime to p, then so is det B. Now suppose that the
statement is true for R = M — 1. We wish to prove that it holds for R = M. In this

13



situation, we have

anzt o anahy !
B = ,
aMlaz]f”Fl e aMM:U’]C\}}Fl
and the matrix C becomes
r K —k ki —k ]
ai aiaty' M e aymtyy M
= k k k k
M—-1—"FM M—-1—"FM
apM-1,1 ap—1,2t9 : apM—1,Mty,
ap,1 QM2 e aM,M ]

Now consider the upper left-hand (M — 1) x (M — 1) submatrix of B. By the
inductive hypothesis, choose integers to,...,t3;—1 all nonzero modulo p such that the
determinant of this matrix is nonzero modulo p whenever x; is relatively prime to p.
Hence the determinant of the upper left-hand (M — 1) x (M — 1) submatrix D of C' is

also nonzero modulo p. Then we have

ay prthy M
C =
tqu—kM
ApM—1,MUpy
ap1 apm2 ccc GMM-1 apM,M

and by expanding along the rightmost column we get

det C' = aprpr det D + p(tar),

where

p(tM) = Clt]]g\}ikM 4+ 4 CMfltﬁj\[/lil_kM

is a polynomial with no constant term. If ¢q,...,cp—1 are all divisible by p, then we

can set t3y = 1 and obtain

detC =apypdetD #0 (mod p).

14



If some of the ¢; are nonzero modulo p, then we note that det C' is a polynomial of degree
at most k1 — kps. If p—1 > k1 — kpy, then det C' cannot be divisible (as a polynomial)
by

=1 = (ta = V)(tar — 2) -+ (tar — (p— 1))

Since the ring (Z/pZ)[tar] has unique factorization, there must be a value for ¢j; which
is nonzero modulo p and for which det C' # 0 (mod p). Therefore the values we have
chosen for to,...,ty ensure that det B # 0 (mod p) whenever (z1,p) = 1. This
completes the proof of part i) of the lemma.

To prove part ii), first note that if R = 1, then the same argument as above shows
that the statement is true whenever p > 1. Now consider the matrix B given in (9).
Since p > k1 — kr—1 + 1, we can choose values of ta,...,tr_1 such that the upper left-
hand (R—1) x (R—1) submatrix of B will be nonsingular modulo p whenever (z1,p) = 1.
As in the proof of part i), this implies that the upper left-hand (R —1) x (R— 1) subma-

trix D of C' will also be nonsingular modulo p. Thus we just need to choose a value for ty.

We can now write
_ _ k1—kgr kr_1—kr
det C' = p(tg) = Cky—kgptp + o+ Chp_1—krtRr + agrdet D.

Note that this polynomial is slightly different than the one we called p(tys) earlier. We
wish to show that this polynomial does not vanish modulo p? on the set S = Z — pZ.
Since agrdet D # 0 (mod p), this is certainly true if ¢, g, =0 (mod p) for 1 < i <
R — 1. If at least one of these coefficients is nonzero modulo p, let d be the smallest

number such that cg,—j, Z0 (mod p).

Let ag, aq, ... be the p-ordering for S given in Lemma 8, and write p(tg) in the form
ki—kg
p(tr) = Y en(tr—ao) - (tr — an-1), (10)
n=0

as in Lemma 9. Note that because of the way we chose d, we have p | e, whenever

15



n > kg — kg. It is then not too hard to see that we must have

€hy—kp = Chy—kp 7 0 (mod p).

We now show that if p > 1+ (k1 — kg)/2, then ey, is not a multiple of

p2

(p?, (ka — kr)ls)

Once this is done, our proof will be complete by Lemma 9.

In order to prove this divisibility criterion, we examine the values of p?/(p?, nls).

First note that we have

nlg = H (S, q)

q prime

and that v,(S,q) is a power of ¢q. (Again, see [4] for an elementary explanation of
Bhargava’s factorial function and this notation.) Since p is prime, the terms v, (S, q)

with ¢ # p do not contribute anything to (p?,n!s) and so we have

(p2a nls) = (pQ’ UR(S’p))'

By simply writing out the terms ag, aq, ... for the p-ordering for S given in Lemma 8§,
it is easy to see that
1 if n<p—2
vn(S,p) = p if p—1<n<2p-3
p?’Ly, L, €7 if n>2p—2.

Hence we see that

p? if n<p-—2
p* p?
= = if p—1<n<2p—3
(p%nls) (0%, 0a(S.p)) pompma=n=2

1 if n>2p—2.
Note that if p > 1+ (k1 — kg)/2, then k1 — kr < 2p — 3. Since kg — kr < k1 — kg, this

implies that
P2
(p?, (ka — kr)'s

But this number cannot divide e, since ey, k. is nonzero modulo p. This completes

):p or p.

the proof of the lemma.[]

16



4. The Proof of Theorem 2

Since the proofs of the first bound in both parts of Theorem 2 are essentially iden-
tical, we prove them together. In what follows, setting m = 1 proves the first bound in
part i) of the theorem and setting m = 2 proves the first bound in part ii). We remark
first that if there is some number N such that any system like (1) in N variables has a
nontrivial p-adic solution, then any such system in s > N variables also has one. This
can be seen by simply setting s — N of the variables equal to zero, leaving a system in
N variables. It therefore suffices to assume that we have

R R
s=(Sm+1)> iki—> ki+R
i=1 i=1

variables and show that the system (1) has a nontrivial p-adic solution.

Since it is enough to prove each part of the theorem for p-normalized systems of
forms, we will assume throughout this section that all systems are p-normalized. How-
ever, we must define the quantities r and |M]|,...,|Mg| used in the normalization

process. To do this, we set r = R and
’Mz’ = ZkZ(Sm + 1) —k; (1 <1< R)
For each i, Lemma 4 yields

ry 1
i > (M *)*
q—(' %)%

1

But since ¢; must be an integer, this implies that we have ¢; > i(S,, + 1). In other

words, for each ¢ the form Fj of degree k; contains at least i(.Sy, + 1) variables which

are explicit when Fj is reduced modulo p.

We now relabel the variables in our system using the following procedure. Since

q1 > S, + 1, we can choose S, + 1 variables which are explicit when Fj is reduced

17



modulo p. Let 44 be the set containing these variables. Since g2 > 2(S,, + 1), we can
choose a set s containing S,, +1 variables which are explicit when F3 is reduced modulo
p and which are not in 4;. We can continue this procedure to define sets Us, ..., Uy,
where each U; contains S, + 1 variables, all of which are explicit when F; is considered
modulo p, such that i;,... g are pairwise disjoint. We now relabel the variables in

such a manner that for each 7, the variables in the set il; are labeled
Tis TR+iy+ -+ RSy +i-

If i > R(Sy, + 1), then we set x; = 0. This leaves us with a system

F(x) = a1,1l‘lf1 4+ al,R(Sm+1)xl;%1(sm+1) =0

(11)

k k
Fr(x) = apaz)® +--+ GrRS.+1)ZRs, 41 — O

which has the property that for 0 < j < S, we have

a1,jR+102jR+2 AR jR+R Z0 (mod p).

In other words, if we let A; be the matrix of coefficients of the first R variables, Ao
be the matrix of coefficients of the second R variables, and so on, then each diagonal

element of each of these matrices is nonzero modulo p.

To find a Q,-integral solution to (11), we will first find a solution of the system

k k _ _
ajxeyt + -+ aLR(Serl)le(smH) =0 (mod p?™*t7n—1)

(12)

k k —
(IR,ll‘lR N aR,R(Sm-S-l)fURI?SmH) =0 (Inod p2m+7’R 1)

which is nonsingular modulo p™, where we recall that each 7; is defined so that k; = p™ k;
with (p, /{NZ) = 1. Note that since both parts of the theorem require p to be odd, the

powers of p in (12) are the powers required in Lemma 6 when h = m.
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If the bounds on p given in the statement of the theorem hold, then Lemma 10 tells
us that for each j with 0 < j < 5, we can find integers t;r12,...,t;r+Rr such that if

we set
TjR+i = LjR+iTjR Y1, (2<i<R)
and let B; be the matrix
ki1—1 ki1—1
A1jR+1Tipyy " O1jR+RYTRYR
, kr—1 ' kp—1
ARjR+1TjR11 " ORJR+RIjRIR

then we have det B; # 0 (mod p™) whenever z;p41 #0 (mod p).

After making the identifications above, we obtain a new system
ezt cl,R+1x%+1 +o Cl,RSerlx];—‘zlsmH =0 (mod p?mt7n—1)
: : (13)
cr1zt R 4 cR7R+1xlE’11 +-- 4 CR7RSm+133‘%Z~m+1 =0 (mod p?mtTr—1),
Suppose that we can find a solution to this system with at least one of the variables,
say ;p+1, not divisible by p. This would lead to a solution of the system (12) in which
the matrix B; satisfies det B; #0 (mod p™). Then the solution of (12) lifts to a non-
trivial solution of (11) by Lemma 6, and this gives us a nontrivial solution of (1). Thus

it suffices to show that the system (13) has a nontrivial solution.

We find a nontrivial solution of (13) with the variables restricted to the Teichmiiller

set T, = {z € Z, : 2P = x}. Note that when x € T),, we have

Therefore any solution of the system

i i i _ _
ci1®y" + e R + o+ CLRS, 1T Rg, 41 =0 (mod pP T

k k E _ 2 -1
cr1T) ™ + cRRTE -+ CR RS, 12H5 1 =0 (mod pPmFTRT)
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with all the variables in T}, is also a solution of (13). By Lemma 5, we can solve (14)

nontrivially whenever the number of variables is greater than

_ p2mtri—1 1
YA —— — = 5n.
i=1 p
Since we have S, + 1 variables, there exists a nontrivial solution to (14) with each

variable in T),. As mentioned above, this is also a nontrivial solution of (13), and this

leads to a nontrivial solution of (1). The first bound in each part of the theorem follows.

To finish the proof, we need to show that the second bound in each part of the

theorem holds. For part i), note that we have

p”“ P& & l%
S1 = k: =
Since p > 3, we obtain
Sl+1<1+—Zk

3
<143 Z i,
=1
and since ¢ < R, we have

Zm <RZ/~:

=1
From the first bound in part i), we then find that

3 R 2 R
Tp(ky,... kr) < SR (Z?:) +(R-1) (Zk) +R,

i=1

as desired. For part ii), note that if we have
p>ki—kr+1,

then part i) of the theorem applies and yields a smaller bound than given in part ii).
Hence we may assume that

p<k —kr+1.
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Then since we are assuming that p > 3, we have

Ti+3 1

R
=1

Therefore we obtain

R R R

S+ 1) ik 1+;(k:1 . z;Rk:i

i=1 =1

3 R 2 R
:§R(k1—k3+1)2 ki) +R(D ki,
i=1 i=1

and the second bound in part ii) of the theorem follows easily. This completes the proof

of the theorem.[
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